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Baroclinic I n s t a b i l i t y  and Atmospheric Development 

T. J.  Simons 

Colorado S t a t e  Universi ty 

ABSTRACT 

The ba roc l in ic  i n s t a b i l i t y  problem is formulated a s  an  i n i t i a l  

va lue  problem i n  order t o  evaluate t h e  e f f e c t s  of t h e  i n i t i a l  con- 

f i g u r a t i o n  of the  wave perturbation.  The v e r t i c a l  shape of the  i n i t -  

i a l  per turbat ion is  found t o  be as important as i ts wave length  i n  

determining t h e  energy conversions during the  ea r ly  s t ages  of i t s  

development. The general  character  of the  so lu t ion  of t h e  i n i t i a l  

value problem is compared with normal mode s tud ies  of b a r o c l i n i c  in-  

s t a b i l i t y .  It is concluded t h a t  the  i n i t i a l  va lue  formulation bridges 

the  gap between normal mode solut ions  and non-linear s t u d i e s .  





1. Introduction.  

Theoret ica l  s tud ies  of cyclone development i n  t h e  atmosphere 

took a s i g n i f i c a n t  turn ,  when a t t e n t i o n  s h i f t e d  from unstable  per- 

turbat ions  a t  f r o n t a l  surfaces  t o  i n s t a b i l i t i e s  a r i s i n g  from general  

shearing motions i n  t h e  f r e e  atmosphere. Charney (1947) presented 

t h e  f i r s t  mathematical treatment of cyclone waves i n  terms of t h e  

proper t ies  of the  ba roc l in ic  wes te r l i e s  without reference  t o  t h e  i n t e r -  

f ace  between two air-ses of d i f f e r e n t  densi ty  and veloci ty .  Sub- 

sequent i n s t a b i l i t y  s t u d i e s  have mostly followed t h e  guidelines set 

by Charney and, although some were d i r e c t l y  concerned with t h e  ex- 

planation of a physical  phenomenon (e.g., Charney and Stern ,  1962), 

t h e  majority focused a t t e n t i o n  on the  mathematical character  of t h e  

problem. 

Thq wthemat ica l  procedure followed dates  back t o  inves t igat ions  

of t h e  s t a b i l i t y  of f l u i d  motions by Thomson, Rayleigh, and Helmholtz. 

The c r i t e r i o n  f o r  i n s t a b i l i t y  is determined by f inding t h e  condit ions 

under which the  phase speed of small per iodic  disturbances i n  the  

f l u i d  becomes a complex number y ie ld ing an exponential increase  of the  

amplitude with time. me marked d i s t i n c t i o n  between t h e  exponential ly 

growing unstable  disturbances and the  n e u t r a l  per iodic  per turbat ions  

i s  a consequence of the  l i n e a r  character  of t h e  equation describing 

the  development of the  per turbat ion with t i m e .  This d i s t i n c t i o n  is not 

present  i f  allowance is made f o r  the  nonlinear terms i n  t h e  general  

hydrodynamic equations. 



Even i n  t h e  l i n e a r  formula t ion  of t h e  atmospheric  i n s t a b i l i t y  

problem t h e  t r a n s i t i o n  from s t a b l e  t o  u n s t a b l e  p e r t u r b a t i o n s  is 

smoothed o u t  i f  t h e  normal mode approach i s  rep laced  by a s o l u t i o n  

of t h e  i n i t i a l  v a l u e  problem, i n  p a r t i c u l a r  i f  t h e  s o l u t i o n  is  re-  

s t r i c t e d  t o  t ime per iods  c o n s i s t e n t  w i th  t h e  t ime s c a l e  of cyclone 

development. A more i n t e r e s t i n g  a spec t  of t h e  i n i t i a l  va lue  form- 

u l a t i o n  is t h e  a d d i t i o n  of a new parameter t o  t h e  s t a b i l i t y  problem, 

i e . ,  t h e  i n i t i a l  s t r u c t u r e  of t h e  pe r tu rba t ion .  A new complicat ion 

may be  added t o  t h e  s t a b i l i t y  problem i f  t h e  normal modes do n o t  form 

a complete set, which implies  t h a t  an  a r b i t r a r y  i n i t i a l  p e r t u r b a t i o n  

cannot be  represented  i n  terms of only t h e  normal modes. Th.us, Case 

(1960) has  s t r e s s e d  t h e  re levance  of t h e  so-cal led cont inuaus spectrum 

f o r  a  s t a b i l i t y  problem of t h e  type h e r e  d iscussed .  

The p re sen t  paper summarizes t h e  r e s u l t s  of prel iminary compu- 

t a t i o n s  towards a t h e o r e t i c a l  s tudy  of atmospheric development in-  

c luding  b a r o t r o p i c  and b a r o c l i n i c  energy exchanges, t h e  s p h e r i c a l  

shape of t h e  e a r t h ,  t h e  nonl inear  e f f e c t s  and t h e  i n t e r a c t i o n  between 

t h e  developing wave and a n  i d e a l i z e d  quasi-steady long wave p a t t e r n  

i n  t h e  f r e e  atmosphere. The nonl inear  formula t ion  of t h e  problem 

n e c e s s i t a t e s  a n  i n i t i a l  va lue  approach and t h e  time-scale of t h e  

observed cyclone developments r e s t r i c t s  t h e  per iods  of i n t e g r a t i o n  

t o  a few days. The main purpose of t h e  f u t u r e  s tudy  is  t o  i n v e s t i g a t e  

whether t h e  i n c l u s i o n  of t h e  i n i t i a l  va lue  parameter and t h e  wave 

i n t e r a c t i o n s  may render  some information i n  a d d i t i o n  t o  t h a t  obtained 

from t h e  c l a s s i c a l  s t a b i l i t y  s t u d i e s ,  i n  order  t o  determine whether 



a n  observed s m a l l  pe r fu rba t ion  on t h e  weather map grows i n t o  a mature 

cyclone. 

The p re sen t  pre l iminary  s tudy  tries t o  c l a r i f y  t h e  r o l e  of a 

few b a s i c  parameters e n t e r i n g  i n t o  t h e  gene ra l  problem a s  o u t l i n e d  

above. I n  o rde r  n o t  t o  encumber t h e  i n t e r p r e t a t i o n  of t h e  r e s u l t s ,  

t h e  model is  kept  r e l a t i v e l y  s imple and is  formulated e s s e n t i a l l y  as 

suggested by Charney (1947). The r e s u l t s  ob ta ined  h e r e  a r e  e i t h e r  

e x p l i c i t l y  o r  i m p l i c i t l y  p re sen t  i n  previous s t u d i e s  on atmospheric 

i n s t a b i l i t y ,  b u t  t h e  i n t e r p r e t a t i o n  is  d i r e c t e d  towards a b e t t e r  

understanding of t h e  r e l a t i o n s h i p  between t h e  mathematical a s p e c t  of 

t h e  s t a b i l i t y  problem and t h e  phys i ca l  problem a t  hand, 

2 .  Basic Equations. 

The time-scale of t h e  problem j u s t i f i e s  t h e  use  of an  a d i a b a t i c ,  

f r i c t i o n l e s s  model. Considering a q u a s i - s t a t i c ,  quasi-geostrophic 

atmosphere and us ing  t h e  beta-plane approximation, we o b t a i n  t h e  

fol lowing system of equat ions  

where IJJ is t h e  s t ream func t ion ,  w E dp/d t  i s  a measure of t h e  v e r t i c a l  

v e l o c i t y ,  p is p re s su re ,  t is t i m e ,  and V = k x VI/J where Ik is t h e  

v e r t i c a l  u n i t  vec to r .  The C o r i o l i s  parameter,  f o ,  and i t s  d e r i v a t i v e  

Bo r df /dy ,  a r e  t r e a t e d  as cons tan ts .  The s t a t i c  s t a b i l i t y ,  a = 

a O / a p ,  where a is s p e c i f i c  volume and 8 is p o t e n t i a l  temperature,  

is  considered a func t ion  of p re s su re  only i n  order  t o  preserve  t h e  

energy cons is tency  of t h e  system. 



The boundary condit ions f o r  t h i s  system of equations a r e  

w = 0 f o r  p = 0 and p = p~ = 1000 mb (3) 

Since t h e  flow f i e l d  must be per iodic  i n  long i tud ina l  d i r e c t i o n  

we may w r i t e  

where the  b a r  denotes a zonal average and t h e  prime denotes the  

devia t ion from t h i s  average, which is not  necessar i ly  small .  Further,  

t h e  devia t ion may be represented by a trigonometric s e r i e s ,  t h e  co- 

e f f i c i e n t s  of which a r e  functions of y, p,  and t .  Assuming t h a t  i n i t -  

i a l l y  the  per turbat ion on the  zonal flow cons i s t s  of one s i n g l e  wave 

of given zonal wavelength, w e  may w r i t e  

ikx * 
+ ' ( x , y , p , t ) = Y ( y , p , t ) e  + Y J  (y ,p , t ) e  

-ikx 

ikx * -ikx 
w O ( x , y , p , t ) = Q ( y , p , t ) e  + Q ( y , p , t ) e  

where k is the  wavenumber and the  a s t e r i s k  denotes t h e  complex con- 

jugate,  such t h a t  +' and w' a r e  r e a l  functions.  

After  s u b s t i t u t i o n  of (4) i n t o  (1) and (2), the  equations w i l l  

involve products of the  per turbat ions ,  which, however, cannot con- 

t r i b u t e  t o  the  time r a t e  of change of the  wave of wavenumber k a s  long 

a s  (5) is s a t i s f i e d .  Thus, independent of t h e  magnitude of the  pertur-  

ba t ion,  w e  ob ta in  f o r  t h e  i n i t i a l  t i m e  
- 2 . 2- 

On the  o ther  hand, t h e  square of the  i n i t i a l  per turbat ions  does 

contr ibute  toward a change of the  zonal flow and w i l l  a l s o  generate a 



wave of wavenumber 2k. I n  t h e  usual  terminology these e f f e c t s  are 

of second order. Thereafter  t h e  number of poss ib le  i n t e r a c t i o n s  in-  

creases continuously and a complete spectrum of waves is generated 

which implies t h a t  (6) and (7) w i l l  a l s o  involve products of t h e  per- 

turbat ions .  The latter are of t h i r d  o r  higher order.  

Consider f i r s t  the  e f f e c t  of t h e  time-variation of t h e  zonal wind 

alone. The system of equations c o n s i s t s  then of (6) and (7), supple- 

mented by two equations f o r  t h e  t i m e  r a t e  of change of t h e  zonal wind 
- * 
u (y ,p , t ) ,  which involve products of Y and Y . Now i f  t h e  per tur-  

ba t ion  grows with t i m e ,  t he  shear  of the  zonal wind decreases,  which 

i n  tu rn  reduces t h e  growth of the  per turbat ion.  Numerical integra-  

t ions  of such highly truncated (low-order) systems show t h a t  t h e  

amplitude of t h e  per turbat ion tends t o  r e t u r n  t o  i t s  i n i t i a l  va lue  

a f t e r  reaching a maximum value. Exact so lu t ions  of simple nonlinear 

low-order systems such a s  t h a t  per ta in ing t o  a b a r o c l i n i c  two-layer 

model have been obtained by Baer (1968). They show t h a t  t h e  s o l u t i o n  

is per iodic  i n  time f o r  a l l  values of the  parameters, which implies 

t h a t  the  d i s t i n c t i o n  between n e u t r a l  and unstable  per turbat ions  is  a 

purely mathematical one, introduced by l i n e a r i z i n g  t h e  equations. 

The system becomes much more complex i f  t h e  wave of wavenumber 

2k is  re ta ined i n  the  system. This e f f e c t  has been s tudied i n  d e t a i l  

by R. King f o r  a  purely barot ropic  model and the  r e s u l t s  of h i s  study 

w i l l  be ava i l ab le  soon. The general  baroclinic-barotropic study re- 

f e r red  t o  i n  t h e  Introduction includes both nonlinear e f f e c t s  here  

discussed. The present  study, however, is confined t o  t h e  purely 

ba roc l in ic  system obtained by ignoring the  y-dependence of the  zonal 

wind and the  i n i t i a l  perturbation.  Clearly then, the  nonlinear 



c o n t r i b u t i o n s  from t h e  p e r t u r b a t i o n  d isappear  and t h e  usua l  l i n e a r  

system is  obtained.  The same s t i l l  holds  i f  t h e  i n i t i a l  p e r t u r b a t i o n  

is p e r i o d i c  i n  y.  

The system of equat ions  (6) and (7) may be w r i t t e n  i n  terms of t h e  

s t reamfunct ion  only.  Spec i f ied  f o r  t h e  b a r o c l i n i c  problem t h e  

equat ion  becomes 

2 a  l a y  + i k i  f o  - (- -) 
ap (3 ap 

where now Y is a func t ion  of t and p, and o and u a r e  func t ions  of 

p only.  A l t e r n a t i v e l y ,  one might d e r i v e  a d i a g n o s t i c  omega-equation 

t o  be used toge the r  wi th  e i t h e r  (6) o r  ( 7 ) .  For l a t e r  r e f e rence ,  

t h i s  equat ion  fo l lows  below 

The boundary condi t ions  become 

l a  au! i k - a ~  du 
Q = - -  (-1 + $ u ~ - -  

dp 
Y] = 0 f o r  p = o,pg u ap a t  

Various methods of ob ta in ing  t h e  s o l u t i o n  t o  t h i s  system of equat ions 

w i l l  b e  d iscussed  i n  t h e  last p a r t  of t h i s  paper.  I n  t h e  next  s e c t i o n ,  

t h e  s o l u t i o n s  w i l l  b e  presented  and d iscussed  from a l e s s  t e c h n i c a l  

viewpoint.  It may b e  noted here ,  t h a t  most of t h e s e  s o l u t i o n s  have 

been obta ined  from a 20-layer numerical model without  t ime-truncat ion.  

A s  d i scussed  i n  t h e  l a s t  s e c t i o n ,  r e p r e s e n t a t i v e  s o l u t i o n s  have been 

t e s t e d  f o r  convergence i n  order  t o  e l i m i n a t e  t h e  p o s s i b i l i t y  of e r r o r s  

due t o  t runca t ion .  



3 .  Results  of Numerical In tegra t ion.  

Consider f i r s t  the  c l a s s i c a l  method t o  determine the  s t a b i l i t y  

of t h e  per turbat ions  described by Eqs. (8) and (10). Since the  

c o e f f i c i e n t s  of t h e  equation a r e  independent of time, a so lu t ion  Y CL 

exp (-ikct) can be assumed, which w i l l  grow i n d e f i n i t e l y  f o r  complex 

values of t h e  wavespeed c.  Actually, i n  t h a t  case a growing and a 

decaying mode w i l l  e x i s t  simultaneuously, s i n c e  complex phase speeds 

can only be found a s  complex conjugate p a i r s .  Assuming t h i s  type of 

so lu t ion ,  Eq (8) becomes 

and (10) becomes 

- a y  du 
$(c - U) - + - Y ]  = o f o r  p = 0,  po 
0 ap dp 

This equation has been solved numerically f o r  t h e  p r o f i l e s  of zonal 

wind and s t a t i c  s t a b i l i t y  shown i n  Fig. 1. The inverse  s t a t i c  s tab- 

i l i t y  shown is  obtained by averaging the  values f o r  summer and winter  

presented by Gates (1961). The zonal wind is  an observed mean wind 

p r o f i l e  f o r  middle l a t i t u d e s  used by Brown (1968). 

Fig. 2 shows t h e  r e a l  and imaginary p a r t  of t h e  wavespeed of the  

uns table  mode. The imaginary p a r t  has been mul t ip l ied  by the  wave- 

number t o  obta in  the  growth r a t e ,  kci. Results  a r e  shown f o r  numerical 

models with low and high v e r t i c a l  resolut ion,  respect ively .  The two- 

layer  model shows the  fami l i a r  short-wave cut-off t o  i n s t a b i l i t y ,  

which is  markedly reduced f o r  the  three-layer model and tends t o  d is -  

appear f o r  high v e r t i c a l  resolut ion.  This increase  of i n s t a b i l i t y  with 

v e r t i c a l  r e so lu t ion  was suggested by Kuo (1953) and has been discussed 

i n  more d e t a i l  by Brown (1968). Weak i n s t a b i l i t i e s  were a l s o  found f o r  



Fig.  1. Basic s t a t e  zonal  flow and inve r se  s t a t i c  s t a b i l i t y .  
P r o f i l e s  shown by s o l i d  l i n e s  used i n  a l l  c a l c u l a t i o n s  unless  s t a t e d  
o therwise  . 
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Fig. 2. Wavespeeds and growth rates of unstable waves as a 
function of wavelength and vertical resolution of the numerical model. 



AMPLITUDE TROUGH POSITION 

Fig .  3 .  S t r u c t u r e  of uns t ab le  mode f o r  wavelengths of 2000, 
4000, and 6000 km. Curve 4a is  f o r  dashed wind p r o f i l e ,  4b f o r  dashed 
s t a t i c  s t a b i l i t y  p r o f i l e  shown i n  Fig.1. 

I.. I . . 
3 .  ' 

Per tu rba t ion  2 4  4a 4b 6 

Wavespeed (m/secLl 9 .4  
.04 



long waves i n  models of s u f f i c i e n t l y  h igh  r e s o l u t i o n .  In  o rde r  t o  

complete t h i s  p a r t  of Fig.  2 ,  computations were c a r r i e d  o u t  f o r  10 

wavelengths between 5500 and 6500 km. S imi l a r  weak i n s t a b i l i t i e s  

o u t s i d e  t h e  r eg ion  of  major i n s t a b i l i t y  have been observed i n  e a r l i e r  

s t u d i e s ,  e.g. ,  Green (1960) and Gary (1965). 

The v e r t i c a l  s t r u c t u r e  of t h e  u n s t a b l e  modes is  shown i n  F ig .  3 

f o r  wavelengths of 2000, 4000, and 6000 km. The r e l a t i v e  ampli tudes 

a r e ,  of course,  a r b i t r a r y .  The s h o r t e r  d i s tu rbances  a r e  shal low waves 

wi thout  v a r i a t i o n s  of phase wi th  he igh t .  The longer  waves develop 

i n  t h e  upper atmosphere and t i l t  upward and westward. The weakly un- 

s t a b l e  long waves c o n s i s t  of a lower l e v e l  wave and a n  upper l e v e l  

wave which a r e  e f f e c t i v e l y  uncoupled and a r e  180 degrees  o u t  of phase. 

This  gene ra l  s t r u c t u r e  of t h e  uns t ab le  d i s tu rbances  as a f u n c t i o n  of 

wavelength was obtained as e a r l y  as 1953 by Kuo. 

F ig .  3 inc ludes  a l s o  t h e  s t r u c t u r e  of t h e  4000 km wave f o r  t h e  

l i n e a r  zonal  wind represented  by t h e  dashed l i n e  i n  F ig .  1. Since t h e  

p e r t u r b a t i o n  s t i l l  decreases  wi th  he igh t  i n  t h e  s t r a t o s p h e r e  al though 

t h e  zonal  wind inc reases ,  t h i s  must be  a t t r i b u t e d  completely t o  t h e  

c o r r e c t  r e p r e s e n t a t i o n  of t h e  s t a t i c  s t a b i l i t y .  A glance  a t  t h e  

v a r i a t i o n  of i nve r se  s t a t i c  s t a b i l i t y  shown i n  Fig.1,  t oge the r  with 

t h e  governing equat ions (8) and (9 ) ,  show t h a t  t h e  s t r a t o s p h e r i c  motion 

is nea r ly  h o r i z o n t a l  and non-divergent. This  would sugges t  t h a t  t h e  

upper boundary cond i t i on  may be  app l i ed  a t  a lower l e v e l .  The curve 

denoted by 4b i n  Fig.  3 r ep re sen t s  t h e  4000-km d i s tu rbance  i f  t h e  

s t a t i c  s t a b i l i t y  parameter assumes an  i n f i n i t e l y  l a r g e  va lue  above t h e  

125-mb l e v e l  as shown by the  dashed s t a b i l i t y  curve of Fig. 1. 



WAVELENGTH ( 1000 km ) 

Fig.  4. Growth r a t e  of uns t ab le  mode and a c t u a l  growth of lower- 
l a y e r  p e r t u r b a t i o n  i n  a two-layer model. Values of zonal  wind taken 
from dashed curve of F ig .  1. Growth r a t e  measured by kc a c t u a l  

i' growth by aO where K is t h e  p e r t u r b a t i o n  k i n e t i c  energy. 



The preceding review of the  normal mode i n s t a b i l i t i e s  is re- 

s t r i c t e d  t o  those r e s u l t s  which may se rve  a s  a  bas i s  of comparison f o r  

t h e  subsequent discussion.  Far more e labora te  computations have been 

ca r r i ed  ou t  recent ly  by Gary (1965). Returning now t o  the  i n i t i a l  

va lue  problem, w e  must i n t e r p r e t  t h e  r e s u l t s  above wi th  reference  t o  

the  t i m e  s c a l e s  of atmospheric cyclones. Clearly then t h e  emphasis is 

on the  development of a  per turbat ion during a  r e l a t i v e l y  s h o r t  t i m e  

period,  r a t h e r  than t h e  asymptotically d i f f e r e n t  behavior of n e u t r a l  

and unstable waves. Fig. 4 i l l u s t r a t e s  how the  t i m e  s c a l e  e n t e r s  in-  

t o  the  i n s t a b i l i t y  problem. The lower p a r t  of Fig.  4 shows t h e  normal 

mode i n s t a b i l i t y  i n  a  two-layer model f o r  t h e  zonal wind shear  corres-  

ponding t o  the  dashed l i n e  of Fig.  1. The a c t u a l  growth of any per- 

turbat ion introduced i n  the  lower l ayer  can be read off  from t h e  upper 

p a r t  of Fig. 4. Here t h e  per turbat ion is measured by the  square roo t  

of the  v e r t i c a l l y  averaged k i n e t i c  energy of t h e  wave. The pronounced 

d i s t i n c t i o n  between neu t ra l  and unstable waves i s  not  v i s i b l e  i n  t h e  

upper f igure ,  q u i t e  s imi la r  t o  r e s u l t s  obtained by nonlinear compu- 

t a t i o n s .  The growth of the  waves f o r  real values of t h e  wavespeeds is 

due t o  t h e  f a c t  t h a t  any per turbat ion i s  made up of more than one 

normal mode. The growth r a t e s  of t h e  individual  modes a r e  equal t o  

zero but  the  d i f f e r e n t  phase speeds cause t h e  amplitude va r ia t ions  of 

the  sum of the  modes. 

It may be of i n t e r e s t  t o  r e c a l l  here  t h a t  unstable waves with 

l a r g e  growth r a t e s  may ac tua l ly  l o s e  k i n e t i c  energy i f  t h e i r  i n i t i a l  

v e r t i c a l  configurat ion is  not  favorable f o r  development. A t y p i c a l  

example is the  case of the  shor t  waves i n  a model of high v e r t i c a l  

resolut ion.  The growth r a t e s  of these waves a r e  s u f f i c i e n t l y  l a r g e  a s  



Fig. 5. Amplitudes of perturbations after 1, 2, and 3 days as a 
function of the initial vertical configuration (denoted by 0 ) .  From 
top to bottom the wavelengths are L = 2000 km, L = 4000 km, and L = 6000 km. 



shown by Fig.  2. Nevertheless ,  t h e  waves w i l l  n o t  develop f o r  many 

days i f  t h e  i n i t i a l  p e r t u r b a t i o n s  extend through t h e  whole depth of 

t h e  atmosphere. This  w a s  a l s o  ind ica t ed  by Wiin-Nielsen's (1962) ca l -  

c u l a t i o n s  of i n i t i a l  energy tendencies  f o r  a v e r t i c a l l y  cont inuous 

model. 

It should be s t r e s s e d  t h a t  t h e  preceding does n o t  c o n t r a d i c t  t h e  

gene ra l  information obtained from t h e  normal mode s t u d i e s .  Thus i t  

is  seen  from Fig.  4 t h a t  t hese  s t u d i e s  g ive  a n  e x c e l l e n t  i n d i c a t i o n  

of t h e  most uns t ab le  waves, even f o r  t h e  t i m e  pe r iods  h e r e  considered.  

However, s i n c e  any nonl inear  s tudy  i s  e s s e n t i a l l y  a n  i n i t i a l  v a l u e  

problem wi th  f i n i t e  i n i t i a l  p e r t u r b a t i o n s ,  a meaningful eva lua t ion  of 

nonl inear  e f f e c t s  can only b e  made i f  t h e  i nhe ren t  p r o p e r t i e s  of t h e  

l i n e a r  i n i t i a l  va lue  problem are borne i n  mind. 

The v e r t i c a l  shape of t h e  i n i t i a l  p e r t u r b a t i o n  w a s  b r i e f l y  

mentioned before .  This  i s  t h e  most i n t e r e s t i n g  a s p e c t  of t h e  i n i t i a l  

va lue  formula t ion  of t h e  s t a b i l i t y  problem. The normal mode in-  

s t a b i l i t i e s  a r e  determined completely by t h e  b a s i c  state parameters  

toge ther  w i th  t h e  h o r i z o n t a l  s c a l e  of t h e  pe r tu rba t ion .  The fo l lowing  

d i scuss ion  shows t h a t  t h e  i n i t i a l  con f igu ra t ion  of t h e  p e r t u r b a t i o n  is 

j u s t  as important ,  i f  n o t  more important ,  i n  a complete s tudy  of 

cyclone development. 

Fig. 5 shows t h e  growth of a wave d i s tu rbance  i n  t h e  atmosphere 

as a func t ion  of t h e  l e v e l  where t h e  p e r t u r b a t i o n  i s  in t roduced .  The 

i n i t i a l  pe r tu rba t ions  shown he re  a r e  r a t h e r  shal low,  b u t  similar 

p a t t e r n s  of development have been obtained f o r  deeper  p e r t u r b a t i o n s .  

Also included is a pe r tu rba t ion  extending i n i t i a l l y  through t h e  whole 

depth of t h e  atmosphere. A l l  computations employed t h e  b a s i c  s t a t e  
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Fig. 6. Growth of wave pe r tu rba t ions  a f t e r  3  days a s  a  funct ion  of 
wavelength and i n i t i a l  pe r tu rba t ion  l e v e l .  De t h s  of i n i t i a l  per turbat ions  

pe r tu rba t ion  k i n e t i c  energy a f t e r  n  days. 
P- a r e  300 mb a s  i n  Fig.5. Growth measured by K3/K0 where Kn i s  the  



parameters shown by t h e  s o l i d  l i n e s  i n  Fig.  1. By comparison wi th  t h e  

s t r u c t u r e  of t h e  u n s t a b l e  mode shown i n  Fig.  3 ,  i t  is seen  t h a t  t h e  

quasi-continuous spectrum of n e u t r a l  modes determines t h e  shape of 

t h e  pe r tu rba t ions  t o  a l a r g e  e x t e n t  f o r  our t i m e  s c a l e s .  

The r e s u l t s  of similar c a l c u l a t i o n s  f o r  va r ious  wavelengths have 

been combined i n t o  Fig.  6 ,  where t h e  growth of a p e r t u r b a t i o n  a f t e r  

t h r e e  days is shown a s  a  func t ion  of t h e  wavelength and t h e  l e v e l  a t  

which t h e  pe r tu rba t ion  i s  introduced.  The i n i t i a l  shape of t h e  per-  

t u r b a t i o n s  is  a s  shown i n  F ig .  5 and t h e  growth is measured aga in  by 

t h e  square  r o o t  of t h e  k i n e t i c  energy of t h e  p e r t u r b a t i o n .  It i s  note- 

worthy t h a t  a wave pe r tu rba t ion  a t  t h e  j e t s t r eam l e v e l  does n o t  

amplify b u t  a  d i s tu rbance  introduced a t  mid-levels f eeds  immediately 

i n t o  t h e  j e t s t r eam as seen  from Fig.  5. It may a l s o  b e  noted t h a t  t h e  

s h o r t  waves and t h e  low-level d i s tu rbances  develop s t r o n g l y  a t  t h e  

s u r f a c e  and t h e r e f o r e  w i l l  be  more s e n s i t i v e  t o  f r i c t i o n a l  e f f e c t s .  

For t h a t  reason  one must expect t h e  maximum i n  F ig .  6 t o  move upward 

and t o  t h e  r i g h t  f o r  t h e  a c t u a l  atmosphere. 

So f a r  t h e  computations a r e  r e s t r i c t e d  t o  a quasi-geostrophic 

atmosphere. The quasi-geostrophic approximation has  been d iscussed  

ex tens ive ly  i n  t h e  l i t e r a t u r e ,  b u t  never the1ess . i . t  is of i n t e r e s t  t o  

make a q u a n t i t a t i v e  comparison of t h e  foregoing r e s u l t s  w i th  some 

computations performed on a  p r i m i t i v e  model. The p r i m i t i v e  model is 

based on t h e  divergence equat ion ,  t h e  v o r t i c i t y  equat ion ,  and t h e  

thermodynamic equat ion  f o r  a d i a b a t i c  flow, t oge the r  wi th  t h e  c o n t i n u i t y  

equat ion,  t h e  h y d r o s t a t i c  equat ion ,  and t h e  equat ion  of state.  The 

p re s su re  is t h e  independent v a r i a b l e  which impl ies  t h a t  t h e  c o n t i n u i t y  



equat ion  is  a d i agnos t i c  equat ion.  The he igh t  of a p re s su re  s u r f a c e  

is e l imina ted  completely from t h e  system by d i f f e r e n t i a t i n g  t h e  div- 

ergence equat ion  wi th  r e s p e c t  t o  p re s su re  and s u b s t i t u t i n g  t h e  hy- 

d r o s t a t i c  equat ion.  By v i r t u e  of t h e  equat ion  of s t a t e  we f i n a l l y  have 

t h r e e  p r e d i c t i o n  equat ions  and t h e  d i a g n o s t i c  c o n t i n u i t y  equat ion  t o  

p r e d i c t  t h e  t h r e e  v e l o c i t y  components and t h e  temperature.  

The p r i m i t i v e  equat ions have been solved f o r  pure ly  b a r o c l i n i c  

flow by neg lec t ing  t h e  l a t i t u d i n a l  dependence of t h e  c o e f f i c i e n t s  i n  

t h e  f i n a l  equat ions .  F i n i t e  d i f f e r e n c e s  were used t o  approximate t h e  

v e r t i c a l  d e r i v a t i v e s  and t h e  boundary cond i t i ons  were those  app l i ed  

i n  t h e  geos t rophic  model. A f t e r  e l imina t ion  of one dependent v a r i a b l e  

by v i r t u e  of t h e  c o n t i n u i t y  equat ion ,  t h e  computat ional  problem is n o t  

e s s e n t i a l l y  d i f f e r e n t  from t h e  geos t rophic  problem which w i l l  b e  re -  

viewed i n  t h e  next  s e c t i o n .  

A l l  t h e  normal mode c a l c u l a t i o n s  shown i n  Fig.  2 f o r  t h e  geos- 

t r o p h i c  model were repeated f o r  t h e  p r i m i t i v e  model, b u t  t h e  d i f f e r e n -  

ces  were found t o  be n e g l i g i b l e ,  independent of t h e  v e r t i c a l  r e s o l u t i o n .  

These r e s u l t s  may be  compared wi th  similar comparisons made by Arnason 

(1963), and Derome and Wiin-Nielsen (1966). These au thors  conclude 

t h a t  t h e  main r o l e  of t h e  non-geostrophic e f f e c t  i s  t o  s t a b i l i z e  t h e  

geos t roph ica l ly  uns t ab le  s h o r t  waves. The e f f e c t  is most pronounced 

f o r  high shea r  and low s t a t i c  s t a b i l i t y ,  t h a t  is,  f o r  s m a l l  va lues  of 

t h e  Richardson number. Since t h e  normal s t a t i c  s t a b i l i t y  and v e r t i c a l  

wind shear  used i n  t h e  p re sen t  c a l c u l a t i o n s  correspond t o  a r e l a t i v e l y  

l a r g e  Richardson number, t h e  quasi-geostrophic approximation is  w e l l  

j u s t i f i e d  and i t  was t o  b e  expected t h a t  t h e  non-geostrophic e f f e c t s  

i n  our  model a r e  r a t h e r  small .  Fu r the r ,  t h e  non-geostrophic e f f e c t s  



might be  found t o  be  more important  i f  t h e  pe r tu rba t ions  were allowed 

t o  vary  i n  l a t i t u d i n a l  d i r e c t i o n ,  as suggested by P h i l l i p s  (1964). 

This  w i l l  b e  d iscussed  i n  more d e t a i l  i n  a subsequent paper.  

4. Method of So lu t ion  

To s o l v e  t h e  non-l inear  equat ions  used i n  numerical weather pre- 

d i c t i o n  i t  is necessary t o  r e p l a c e  t h e  equat ions  by a l a r g e  s e t  of 

o rd ina ry  d i f f e r e n t i a l  equat ion  wi th  t i m e  as t h e  only independent var -  

i a b l e .  Even t h e  l i n e a r  b a r o c l i n i c  i n i t i a l  va lue  problem has  n o t  been 

solved i n  its gene ra l  form, b u t  Case (1960,1962) and Pedlosky (1964) 

have d iscussed  somewhat s impler  and very  similar i n i t i a l  va lue  problems. 

S ince  t h e  main purpose of t h e  p re sen t  s tudy  is t o  g a i n  a b a s i c  under- 

s t and ing  of t h e  inhe ren t  p r o p e r t i e s  of t h e  gene ra l  i n i t i a l  va lue  prob- 

lem, t hese  exac t  s o l u t i o n s  a r e  no t  of primary importance and we w i l l  

i n v e s t i g a t e  methods of s o l u t i o n  which can be  app l i ed  t o  t h e  non- 

l i n e a r  equat ions.  Therefore,  we w i l l  reduce t h e  governing equat ions  

t o  a system of ord inary  d i f f e r e n t i a l  equat ions .  

The most common way t o  accomplish t h i s  i s  t o  r ep l ace  t h e  der iv-  

a t i v e s  by f i n i t e  d i f f e r e n c e s .  I n  order  t o  apply t h i s  technique t o  

Eq.  (8), t h e  i n t e r v a l  0 d p 6 po i s  d iv ided  i n t o  N l a y e r s  of depth  

Ap = P O / N  each. Eq. (8) is app l i ed  a t  t h e  cen te r s  of t h e s e  l a y e r s ,  

t h e  v e r t i c a l  d e r i v a t i v e s  a r e  rep laced  by t h e  usua l  centered  d i f f e r -  

ences,  and the  boundary condi t ions  (10) are incorpora ted  i n t o  t h e  

equat ions f o r  t h e  lower and upper l a y e r .  The r e s u l t  is a system of 

N equat ions f o r  t h e  v a r i a b l e s  Yn(t) = Y ( t  ,pn) where p = PO n - (n-%)Ap 

and n ranges from 1 t o  N.  The new v a r i a b l e s  a r e  only rime depend- 

e n t  and t h e  system can be w r i t t e n  i n  mat r ix  n o t a t i o n  as fol lows 



-?- 
where P is t h e  vec to r  cons i s t i ng  of elements Y and/A and IB a r e  

n ' 
square  mat r ices  of order  N. The ma t r ix  elements a r e  r e a l  and they 

a r e  i n  t h i s  l i n e a r  system determined completely by t h e  b a s i c  s t a t e  

parameters and t h e  wavenumber k.  I n v e r t i n g  t h e  ma t r ix  B we o b t a i n  

Before proceeding t o  s o l v e  t h i s  system of coupled l i n e a r  equat ions ,  

we should i n v e s t i g a t e  t h e  v e r t i c a l  t r u n c a t i o n  e r r o r  r e s u l t i n g  from t h e  re- 

placement of (8) by (14).  For t h a t  purpose equat ions  (8) and (10) may 

be  solved e x a c t l y  f o r  t h e  t ime-derivat ive of t h e  p e r t u r b a t i o n  i n  termr 

of t h e  pe r tu rba t ion  a t  a  given time, and t h e  s o l u t i o n  may be  compared 

t o  t h e  va lues  obta ined  from (14).  For a  given p r o f i l e  of t h e  zonal  

wind, t h e  s t a b i l i t y ,  and t h e  pe r tu rba t ion ,  Eq. (8) becomes a  non- 

homogeneous ord inary  d i f f e r e n t i a l  equat ion  wi th  p re s su re  as t h e  in-  

dependent v a r i a b l e  and t h e  p e r t u r b a t i o n  tendency a s  t h e  dependent 

v a r i a b l e .  The equat ion  can be  e a s i l y  solved i f  t h e  i nve r se  s t a t i c  

s t a b i l i t y  is  represented  by a  l i n e a r  func t ion  of p re s su re ,  an  example 

of which is shown by t h e  dashed l i n e  i n  Fig.1.  Considering t h e  high 

v a r i a b i l i t y  of t h e  s t a t i c  s t a b i l i t y  t h i s  approximation is  j u s t i f i e d  

f o r  many purposes,  and f o r  a q u a n t i t a t i v e  e s t ima te  of t h i s  e f f e c t ,  

Fig.  3 inc ludes  t h e  s t r u c t u r e  and t h e  growth r a t e  of t he  pe r tu rba t ion  

under t hese  condi t ions .  

I n  order  t o  so lve  Eq. (8) f o r  t h e  pe r tu rba t ion  tendency, l e t  

t h e  pe r tu rba t ion  a t  a  given time, toge ther  w i th  t h e  zonal wind, be  

represented  by a  power s e r i e s  i n  p re s su re .  It fol lows then from (8) 



t h a t  t h e  p e r t u r b a t i o n  tendency w i l l  be made up of another  power series 

p lus  t h e  s o l u t i o n  of  t h e  homogeneous equat ion.  The c o e f f i c i e n t s  of t h e  

latter s e r i e s  a r e  found i n  terms of t h e  c o e f f i c i e n t s  of t h e  g iven  

power s e r i e s  f o r  t h e  zonal  wind and t h e  s t reamfunct ion  by equat ing  t h e  

c o e f f i c i e n t s  of equal  powers i n  p re s su re .  The s e r i e s  f o r  t h e  pe r tu r -  

b a t i o n  tendency toge ther  w i th  Eq. (10) determine t h e  boundary condi- 

t i o n s  t o  be  s a t i s f i e d  by t h e  homogeneous s o l u t i o n .  I f  t h e  s t a t i c  sta- 

b i l i t y  is inve r se ly  p ropor t iona l  t o  p re s su re ,  t h e  homogeneous equat ion  

may b e  reduced t o  Besse l ' s  equat ion  and t h e  s o l u t i o n  which s a t i s f i e s  

t h e  boundary condi t ions  is Besse l ' s  func t ion  of t h e  f i r s t  kind of o rde r  

zero  wi th  argument p ropor t iona l  t o  t h e  square  r o o t  of p re s su re .  The 

same s o l u t i o n  may of course be  obta ined  by s o l v i n g  f i r s t  f o r  t h e  v e r t -  

i c a l  motion from (9) and then using t h e  v o r t i c i t y  equat ion  (6) t o  OD- 

t a i n  t h e  t ime-derivat ive of t h e  s t reamfunct ion.  

Solu t ions  have been obta ined  f o r  a wavelength of 4000 km and f o r  

r e l a t i v e l y  s imple  v e r t i c a l  v a r i a t i o n s  of zonal wind and pe r tu rba t ions .  

These s o l u t i o n s  were compared t o  s o l u t i o n s  computed from (14).  For 

a 20-layer model t h e  e r r o r  is  of t h e  o rde r  of one percent .  This  e r r o r  

must be expected t o  i nc rease  i f  t h e  pe r tu rba t ion  v a r i e s  i r r e g u l a r l y  

w i th  he igh t  such a s  observed f o r  s h o r t  and long waves. S imi l a r  calcu-  

l a t i o n s  have been made by Wiin-Nielsen (1962) t o  e s t ima te  t h e  t run -  

c a t i o n  e r r o r  of p r e d i c t i o n  models wi th  low v e r t i c a l  r e s o l u t i o n .  There 

i t  was assumed t h a t  t he  s t a t i c  s t a b i l i t y  v a r i e s  as t h e  inve r se  of t h e  

square  of t h e  pressure ,  b u t  i n  another  s e c t i o n  of t h e  same paper t h e  

l i n e a r  v a r i a t i o n  of t h e  inve r se  s t a t i c  s t a b i l i t y  was u t i l i z e d .  

Le t  us t u r n  now t o  t h e  s o l u t i o n  of t h e  system of equat ions given 

by (14) .  I n  t h e  case  of t h e  gene ra l  non-linear problem i t  would b e  



Fig. 7. Eigenvectors for quasi-continuous spectrum and amplitude 
of normal mode eigenvector. Basic state parameters given by dashed lines 
of Fig. 1, wavelength L = 4000 km. Truncation of numerical model N = 20, 
but upper three layers uncoupled ( l / a=  0) resulting into 17 eigenvectors. 



i n t e g r a t i o n s  f o r  which t h e  convergence of t h e  numerical s o l u t i o n  is 

found t o  be  s a t i s f a c t o r y .  

To conclude t h i s  d i scuss ion  of t h e  f i n i t e  d i f f e r e n c e  models, 

F ig .  7 shows t h e  c h a r a c t e r  of t h e  e igenvec tors  ob ta ined  from (15) .  Here 

w e  have chosen t h e  model w i th  l i n e a r  p r o f i l e s  of zonal  wind and i n v e r s e  

- 
s t a t i c  s t a b i l i t y ,  where t h e  s i n g u l a r i t y  c  = u occurs  a t  only one l e v e l  

f o r  a  given r o o t  and t h e  r o o t s  a r e  equa l ly  spaced. The arrows i n  t h e  

f i g u r e  i n d i c a t e  t h e  l o c a t i o n  of t h e  s i n g u l a r i t y ,  where t h e  e igenvec tor  

shows a  d iscont inuous  f i r s t  d e r i v a t i v e  as expected from (11) .  The 

s i n g u l a r i t y  never co inc ides  w i th  a  g r i d p o i n t  except  f o r  t h e  Eady model. 

where t h e  r e a l  r o o t s  always equa l  t h e  va lues  of t h e  zonal  wind i n  a l l  

bu t  t h e  f i r s t  and t h e  l a s t  g r idpo in t s .  The amplitude and t h e  phase 

angle  of t h e  uns t ab le  normal mode were shown by t h e  dashed l i n e s  i n  

Fig.  3 .  Recently,  some e igenvec tors  were d isp layed  by Yanai and 

Nitta (1968) f o r  t h e  purely b a r o t r o p i c  i n s t a b i l i t y  problem which is  

q u i t e  s i m i l a r  from a  computational viewpoint.  

So f a r ,  we have d iscussed  t h e  method of r ep l ac ing  v e r t i c a l  d e r i -  

v a t i v e s  by f i n i t e  d i f f e r e n c e s  i n  o rde r  t o  reduce t h e  continuous equa- 

t i o n s  t o  a system of ord inary  d i f f e r e n t i a l  equat ions .  This  is n o t  

n e c e s s a r i l y  t h e  b e s t  method and another  technique o f t e n  u t i l i z e d  t o  

accomplish t h e  same goal  is  t o  expand t h e  dependent v a r i a b l e  i n  a 

s e r i e s  w i th  time-dependent c o e f f i c i e n t s .  Such s p e c t r a l  models have 

been appl ied  wi th  success  i n  t h e  f i e l d  of numerical weather p r e d i c t i o n .  

The remaining of t h i s  s e c t i o n  is concerned with s p e c t r a l  s o l u t i o n s  and 

t h e  convergence of t hese  s o l u t i o n s  as compared t o  t h e  convergence of 

t h e  f i n i t e  d i f f e r e n c e  s o l u t i o n s .  

The boundary condi t ions  (10) sugges t  a t r igonometr ic  expansion 



f o r  t h e  v e r t i c a l  motion, $2, i n  terms of s i n e s  only.  Therefore $2 is 

a n  odd func t ion  of p re s su re  and i t  fol lows from (6) and (7) t h a t  t h e  

p e r t u r b a t i o n  s t reamfunct ion  Y should b e  an  even func t ion  of p re s su re  

i f  u and o were cons t an t ,  and hence could be  represented  by a  s e r i e s  

of cos ines .  It is  assumed t h a t  t h e  same r e p r e s e n t a t i o n s  hold i f  t h e  

zonal wind and t h e  s t a t i c  s t a b i l i t y  vary  wi th  he igh t .  The s p e c t r a l  

p r e d i c t i o n  equat ions  f o r  t h e  time-dependent c o e f f i c i e n t s  of t h e  s e r i e s  

expansion a r e  obta ined  by s u b s t i t u t i n g  t h e  expansion i n t o  (8) and apply- 

i n g  t h e  or thogonal i ty  r e l a t i o n s h i p s .  I n  order  t o  o b t a i n  a  unique sys-  

t e m  of equat ions,  t h e  mathematical half-plane p<O must b e  taken i n t o  

account .  

The r e s u l t i n g  system of ord inary  d i f f e r e n t i a l  equat ions  w i l l  aga in  

b e  of t h e  form 

-f 
where P is t h e  v e c t o r  c o n s i s t i n g  of t h e  time-dependent expansion co- 

e f f i c i e n t s  (u sua l ly  c a l l e d  parameters) ,  and A i s  aga in  a square  matrix 

determined by t h e  b a s i c  state parameters  and t h e  wavenumber. The solu-  

t i o n  of (17) is obtained by t h e  methods app l i ed  be fo re  i n  so lv ing  (14) .  

The s p e c t r a l  model w a s  f i r s t  t e s t e d ,  t oge the r  wi th  t h e  f i n i t e  

d i f f e r e n c e  model, on t h e  Eady problem, i . e . ,  8 = 0 ,  cons t an t  s t a t i c  

s t a b i l i t y ,  and l i n e a r  zonal  wind. Both t h e  20-layer model and t h e  20- 

parameter model always found t h e  uns t ab le  mode as determined from t h e  

exac t  s o l u t i o n .  However, i n  a d d i t i o n ,  t h e  s p e c t r a l  model found usua l ly  

q u i t e  a  few complex r o o t s ,  t h e  imaginary p a r t s  of which were about an  

o rde r  of magnitude smal le r  b u t  i n  a  few cases  as l a r g e  as 30 pe rcen t  

of t h e  imaginary p a r t  of t h e  normal mode. By v i r t u e  of t h e  exac t  



so lu t ion ,  t h e  i n s t a b i l i t y  corresponding t o  ;these roots  must be con- 

s idered spurious.  The same o v e r a l l  p i c t u r e  was observed a f t e r  in to-  

ducing a non-zero value  f o r  f3. 

The performance of t h e  s p e c t r a l  model g r e a t l y  improved when t h e  

l i n e a r  zonal wind was replaced by various non-linear wind p r o f i l e s .  

Although the  s p e c t r a l  model s t i l l  tended t o  exaggerate the  i n s t a b i l i t i e s  

somewhat i n  comparison t o  t h e  layered model, both models usual ly  pro- 

duced t h e  same complex roots .  On the  o ther  hand, when t h e  constant  

s t a t i c  s t a b i l i t y  was a l s o  replaced by various pressure  dependent func- 

t i o n s ,  the  s p e c t r a l  model again produced the  spectrum of uns table  roo t s  

with small growth r a t e s ,  i n  addi t ion  t o  t h e  primary modes found by both 

models. I n  these experiments the  wavelength was 4000 km and t h e  pro- 

f i l e s  of the  zonal wind and the  s t a t i c  s t a b i l i t y  were obtained a s  

follows. F i r s t  we computed the  expansion coef f i c ien t s  of t r igonometric 

s e r i e s  f o r  the  zonal wind and the  inverse  s t a t i c  s t a b i l i t y  shown by 

the  curves i n  Fig.1. These expansion coef f i c ien t s  appear d i r e c t l y  i n  

t h e  s p e c t r a l  predic t ion equations. Various p r o f i l e s  were then ob- 

tained by dropping p a r t  of the  coef f i c ien t  spectrum and sunuaing the  

s e r i e s  again f o r  use i n  the  f i n i t e  d i f ference  equations. 

Since the  layered model and the  s p e c t r a l  model produce the  same 

primary unstable modes f o r  s u f f i c i e n t l y  l a r g e  v e r t i c a l  r e so lu t ion ,  i t  

is of i n t e r e s t  t o  inves t iga te  whether t h e  convergence of these  roo t s  

f o r  increased reso lu t ion  is  t h e  same f o r  both models. Again a wave- 

length  of 4000 km was chosen and various b a s i c  s t a t e  p r o f i l e s  were 

considered. The v e r t i c a l  r e so lu t ion  was gradually increased till the  

normal modes seemed t o  reach t h e i r  asymptotic values.  I n  a l l  cases 

t h e  convergence of the  layered model was a t  l e a s t  a s  good o r  b e t t e r  

than f o r  the  s p e c t r a l  model. 



The r e s u l t s  above do no t  ag ree  wi th  t h e  computations made by Rao and 

Simons (1969) concerning a  two-layer non-geostrophic model w i t h  l a t e r a l  

boundaries .  The computational a spec t s  of t h a t  problem a r e  very  similar,  

and t h e  computer program w a s  e s s e n t i a l l y  t h e  same as t h e  one used i n  

t h e  p re sen t  c a l c u l a t i o n s .  Nevertheless ,  t h e r e  i t  w a s  found t h a t  t h e  

s p e c t r a l  model always converged much f a s t e r  than  t h e  f i n i t e  d i f f e r e n c e  

model and fur thermore,  bo th  models always found t h e  s m e  number of 

uns t ab le  r o o t s .  

The computations on t h e  Eady model where t h e  exac t  s o l u t i o n  is 

known, seem t o  i n d i c a t e  t h a t  t h e  s p e c t r a l  model tends  t o  f i n d  more un- 

s t a b l e  modes than  p re sen t  i n  a continuous model. It must b e  noted,  

however, t h a t  t h e  l i n e a r  zonal  wind p r o f i l e  is  f a r  more f avo rab le  f o r  

a f i n i t e  d i f f e r e n c e  model than  f o r  a  s p e c t r a l  model. The f i n i t e  

d i f f e r e n c e  approximation t o  t h e  v e r t i c a l  d e r i v a t i v e  is  exac t  f o r  a 

l i n e a r  p r o f i l e  wh i l e  t h e  same p r o f i l e  r e q u i r e s  a n  i n f i n i t e  number of 

expansion c o e f f i c i e n t s  i n  t h e  s p e c t r a l  r e p r e s e n t a t i o n .  I n  gene ra l ,  

t h e  problem of t h e  spur ious  r o o t s  seems t o  become more s e r i o u s  i f  t h e  

s t a t i c  s t a b i l i t y  is  a func t ion  of he igh t  and i f  t h e  zonal  wind re- 

q u i r e s  a l a r g e  number of expansion c o e f f i c i e n t s .  This  would i n d i c a t e  

t h a t  t h e  t r igonometr ic  func t ions  a r e  no t  app ropr i a t e  f o r  a v e r t i c a l  

r e p r e s e n t a t i o n  of t h e  atmosphere. A v e r t i c a l  s e r i e s  r e p r e s e n t a t i o n  

w a s  suggested elsewhere (Simons, 1968) i n  terms of t h e  e igenfunct ions  

of t h e  d i f f e r e n t i a l  ope ra to r s  i n  t h e  homogeneous p a r t s  of Eqs. (8) and 

(9) ,  f o r  average va lues  of s t a t i c  s t a b i l i t y .  Only a few of t hese  

func t ions  a r e  requi red  t o  r ep re sen t  average atmospheric zonal wind 

p r o f i l e s ,  which may i n d i c a t e  t h a t  such a s p e c t r a l  model converges 

f a s t e r  than t h e  models discussed above. 



5. Conclusions. 

It is  concluded t h a t  the  atmospheric i n s t a b i l i t y  problem formulated 

as an i n i t i a l  value problem has many i n t e r e s t i n g  aspects  which have 

been only p a r t l y  explored i n  t h e  pas t .  Since the  non-linear s t a b i l i t y  

study is an i n i t i a l  value problem, the  l i n e a r  s t a b i l i t y  problem must 

be approached i n  t h e  same manner i n  order t o  allow an evaluat ion of t h e  

non-linear e f f e c t s .  The most i n t e r e s t i n g  aspect  of t h e  b a r o c l i n i c  

i n i t i a l  value problem is  the  i n i t i a l  configurat ion of the  per turbat ion.  

The v e r t i c a l  shape of the  i n i t i a l  per turbat ion has been found t o  be 

a s  important as i t s  wave length f o r  determining i t s  growth over a t i m e  

period which i s  consis tent  with t h e  time s c a l e  of meteorological 

development. 

The meteorological equations have been solved f o r  both quasi- 

geo'strophic and non-geostrophic flow. The d i f fe rence  was found t o  be 

negl ig ib le .  The so lu t ions  were obtained by replac ing t h e  continuous 

atmosphere by a layered model and a l s o  by using s p e c t r a l  methods. 

Comparison of asymptotic solut ions  obtained from the  continuous model 

and the  layered models showed t h a t  the  i n i t i a l  value problem requires  

f a r  b e t t e r  v e r t i c a l  resolut ion than the  normal mode problem. The 

performance of t h e  s p e c t r a l  model i n  terms of trigonometric functions 

was disappointing,  but  t h i s  may be due t o  the  choice of t h e  functions.  
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Appendix. 

The c h a r a c t e r i s t i c  equat ion  (11) f o r  t h e  b a r o c l i n i c  i n s t a b i l i t y  

problem is s i n g u l a r  and i ts  s o l u t i o n  is  made up of a continuous spec- 

trum i n  a d d i t i o n  t o  t h e  normal modes. The v e r t i c a l  p r o f i l e s  of t h e  

pe r tu rba t ions  shown i n  F ig .  5 a r e  i n  many cases  q u i t e  d i f f e r e n t  from 

t h e  uns t ab le  mode p r o f i l e s  which emphasizes t h e  importance of t h e  con- 

t r i b u t i o n s  due t o  t h e  continuous spectrum. It w a s  shown by Case (1960, 

1962) f o r  a similar problem, t h a t  t h e  continuum modes do no t  correspond 

t o  i n s t a b i l i t y ,  and t h a t  t h e  c o n t r i b u t i a n s  due t o  t h e  continuous spec- 

trum vanish  as t h e  time approaches i n f i n i t y .  Pedlosky (1964) reached 

t h e  same conclusions f o r  the  Eady (1949) i n s t a b i l i t y  problem, bu t  

noted t h a t  f o r  t h e  range of wavelengths f o r  which t h e  normal modes a r e  

s t a b l e ,  t h e  asymptot ic  con t r ibu t ions  of t h e  continuous spectrum and 

t h e  normal modes cannot b e  sepa ra t ed  completely.  

It is of some i n t e r e s t  t o  i n v e s t i g a t e  whether t h e  numerical model 

can reproduce t h i s  asymptot ic  behavior  of a continuous atmosphere wi th  

a zonal  shea r .  Consider t h e  Eady-type model ob ta ined  by s e t t i n g  B = 0 

and a = cons tan t  i n  Eq. (8) and us ing  t h e  l i n e a r  zonal  wind p r o f i l e  

shown by t h e  dashed l i n e  i n  Fig.  1. The i n v e r s e  s t a t i c  s t a b i l i t y  is  

l / o  = 37.5, which i s  t h e  va lue  a t  t h e  500-mb l e v e l  i n  Fig.  1. A 

p e r t u r b a t i o n  of wavelength 6000 km is  uns t ab le  w i th  a growth r a t e  of 

.42 pe r  day and a phase speed equal  t o  t h e  mean wind, as fol lows from 

t h e  exac t  s o l u t i o n  f o r  t h e  continuous model. Actua l ly ,  t h e  same normal 

mode s o l u t i o n  was found by our numerical models, t h e  v e r t i c a l  re -  

s o l u t i o n  of which va r i ed  from 5 t o  30 l a y e r s .  We now cons ider  t h e  

s o l u t i o n  of t h e  i n i t i a l  va lue  problem f o r  a n  i n i t i a l  p e r t u r b a t i o n  which 

i s  independent of h e i g h t ,  and compute t h e  p e r t u r b a t i o n  k i n e t i c  energy 



contributed by t h e  quasi-continuous spectrum of real eigenvalues. Fig. 

8 shows the  square roo t  of t h i s  k i n e t i c  energy expressed i n  terms of 

the  t o t a l  i n i t i a l  per turbat ion k i n e t i c  energy, f o r  a lo-,  20-, and 30- 

l ayer  model respect ively .  

It seems tempting t o  conclude from Fig. 8 t h a t  t h e  asymptotic 

so lu t ion  of the  layered models approaches t h a t  of t h e  continuous model 

i f  the  v e r t i c a l  r e so lu t ion  increases ,  but  t h i s  would indeed requ i re  an 

i n f i n i t e  number of layers .  Cer ta in ly ,  the  convergence is much less f o r  

t h i s  i n i t i a l  value problem than the  convergence found i n  computing the  

normal modes. Of course, t h e  s o l u t i o n  shown i n  Fig. 8 w i l l  b e  soon 

overshadowed by t h e  contributions of t h e  unstable mode, which reduces 

its p r a c t i c a l  s igni f icance .  For comparison w e  have the re fo re  computed 

the  evolution of the  same i n i t i a l  per turbat ion but  with a wavelength 

of 4000 km, which is s t a b l e  i n  t h i s  model. The t o t a l  per turbat ion 

k i n e t i c  energy a s  a function of time is  shown i n  Fig. 9.  The con t r i -  

butions from the  individual  roo t s  may be evaluated from t h e  coef f i -  

+ 
c i e n t s  dn i n  the  vector  E( t )  appearing i n  Eq. (16). Since the  co- 

e f f i c i e n t s  associa ted  with t h e  normal modes d i f f e r  by two orders  of 

magnitude f o r  the  30-layer model a s  compared t o  t h e  20-layer model, 

while t h e  t o t a l  so lu t ion  is q u i t e  s imi la r  f o r  a long t i m e ,  i t  is  in- 

deed indicated t h a t  the  continuous spectrum must be included f o r  a 

cor rec t  asymptotic solut ion.  

Since t h e  Eady-model i s  not  very r e a l i s t i c  from t h e  viewpoint of 

atmospheric flow, s imi la r  ca lcu la t ions  were performed on t h e  general  

equation (8),  where f3 is non-zero and the  bas ic  s t a t e  parameters a r e  

those shown by the  dashed l i n e s  i n  Fig. 1. The matrix B-'A has one 

p a i r  of complex roo t s ,  supposedly the  normal'modes, and the  growing 



Fig .  8. Square r o o t  of p e r t u r b a t i o n  k i n e t i c  energy con t r ibu ted  by 
quasi-continuous spectrum f o r  case  of uns t ab le  normal modes. Eady type 
model w i th  B = 0 ,  cons t an t  s t a t i c  s t a b i l i t y ,  l i n e a r  zonal  wind, wave- 
l e n g t h  L = 6000 km, i n i t i a l  p e r t u r b a t i o n  independent of he igh t .  N denotes  
t h e  number of l a y e r s  of t h e  numerical models. 



DAYS 

Fig.  9 .  Square r o o t  of p e r t u r b a t i o n  k i n e t i c  energy f o r  s t a b l e  
wave of l eng th  L = 4000 km. Other  parameters  a s  i n  F ig .  8. 



mode has a phase speed of 10.2 m/sec and a growth r a t e  of .48 pe r  day, 

as found by a l l  models independent of t h e  v e r t i c a l  r e s o l u t i o n .  The 

ampli tude of t h e  continuous spectrum shows t h e  same gene ra l  c h a r a c t e r  

as bef o re .  

It is appropr i a t e  he re  t o  make a few no te s  concerning t h e  accuracy 

of t h e  s o l u t i o n  of equat ion (14) .  The usua l  methods of t e s t i n g  t h e  

eigenvalues and e igenvec tors  were app l i ed ,  bu t  i n  a d d i t i o n  t h e  accuracy 

of t h e  f i n a l  s o l u t i o n  was eva lua ted  a t  a l l  t i m e s  by d i f f e r e n t i a t i n g  

t h e  exac t  s o l u t i o n  (16) wi th  r e spec t  t o  t ime and comparing t h e  pe r tu r -  

b a t i o n  tendencies  obta ined  from t h a t  equat ion  wi th  those  computed 

from (14) .  For t h e  waves of primary i n t e r e s t ,  i .e . ,  t h e  most uns t ab le  

waves, t h i s  d i f f e r e n c e  expressed i n  terms of t h e  tendency i t s e l f  w a s  

of t h e  o rde r  of 10-8 For s imple models such a s  t hose  used f o r  t h e  

asymptot ic  i n t e g r a t i o n s ,  t h e  accuracy w a s  b e t t e r .  We may t h e r e f o r e  

conclude t h a t  t h e  system of equat ions (14) has  been solved without  

e r r o r  and t h e  only t runca t ion  e r r o r s  a r e  made i n  going from t h e  con- 

t inuous model t o  t h e  layered  model. 


