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ABSTRACT 

A HIGH-ROTATION GENERAL CIRCULATION MODEL 
EXPERIMENT WITH CYCLIC TIME CHANGES 

The phenomenon o f  v a c i l l a t i o n  i n  a  r o t a t i n g  annulus i s  s tud ied  

as a  poss ib le  analogue f o r  t h e  atmospheric index cyc le .  'di t h  a  s imple 

d i s t r i b u t i o n  of heat  sources we at tempt  t o  i s o l a t e  t he  e s s e n t i a l  

mechanisms by which a  baroc l  i n i  c  f l  u i  d  sys tem undergoes p e r i o d i c  

v a r i a t i o n s  i n  t r o u g h l i n e  ti 1  t and vo r tex  growth and decay. 

For comparison w i t h  atmospheric wave cyclones, t he  three-  

dimensional f l o w  c i r c u l a t i o n  i n  the  annulus i s  computed a t  var ious  

stages o f  t he  v a c i l l a t i o n .  A d iagnos t i c  scheme i n c l u d i n g  t h e  balance 

equat ion f o r  t he  h o r i z o n t a l ,  non-d ivergent  s t reamfunct ion,  and t h e  

quasi -geostrophic  U-equation f o r  t he  v e r t i c a l  motion i s  used. The 

s i m i l a r i t y  between the  annulus f l o w  and the  atmosphere i s  s t r i k i n g .  

The c o r r e c t  p o s i t i o n  o f  the  low- leve l  cyclone w i t h  respec t  t o  t h e  

top  sur face  j e t  i s  observed and consequently a l s o  s im i  1  a r  d i s t r i b u t i o n s  

of v e r t i c a l  motion, convergence and divergence. A t h r e e - c e l l  p a t t e r n  

i n  t he  mean mer id iona l  motion i s  ev iden t  throughout t he  v a c i l l a t i o n .  

A1 though boundary l aye rs  p resent  a t  a l l  o f  t h e  sur faces have 

impor tan t  r o l e s  i n  the  ex te rna l  f o r c i n g  o f  t h e  f low,  we are ma in ly  

i n t e r e s t e d  i n  the  mechanisms by which the  i n t e r i o r  f l u i d  accomplishes 

the  var ious t ranspo r t s  requ i red  o f  i t . Most impor tan t  o f  these i s  

t he  t r a n s f e r  o f  heat  f rom the  sources a t  the  ou te r  w a l l  and t h e  base 

hea t i ng  r i n g  t o  the  c o l d  source a t  the  i n n e r  r im.  The eddy heat  

t r a n s f e r  i s  extremely e f f i c i e n t  near midradi  us, t r a n s f e r r i n g  much more 

heat  than i s  requ i red  by the  source. A s t rong  compensating i n d i r e c t  

c e l l  i s  s e t  up t o  counteract  t h i s  excess heat  t r a n s f e r .  The t o t a l  
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heat  content  o f  the  f l u i d  i s  decreasino du r i nq  the  vor tex  staqe as 

more heat  i s  t r a n s f e r r e d  t o  t he  c o l d  source than i s  prov ided a t  the 

sources. 

Two impor tan t  d i f f e rences  are noted i n  t he  enerqy cyc le :  

The importance o f  conversion o f  zonal p o t e n t i a l  energy i n t o  zonal 

k i n e t i c  energy i n  the  boundary l aye rs ,  and the  zonal motions d r i v e  

the  eddies, p a r t i c u l a r l y  p r i o r  t o  vo r tex  development. 

I n t e n s i f i c a t i o n  of the  j e t  i s  observed under s t a b l e  cond i t ions ,  

accord ing t o  the  theorem o f  Charney and Stern  (1962). Bu t  the  more 

general case i s  f u l f i l l m e n t  o f  t he  necessary, b u t  n o t  s u f f i c i e n t ,  

c o n d i t i o n  f o r  i n s t a b i l i t y ,  w i t h  bo th  cases o f  growth and o f  decay i n  

j e t  speeds being observed. A seemingly unstable c o n f i g u r a t i o n  o f  

p o t e n t i a l  v o r t i c i t y  i n  t h e  j e t  i s  maintained as t h e  j e t  a x i s  s h i f t s  i n  

r a d i a l  ti 1  t and o r i e n t a t i o n .  The j e t  maximum does decay a t  t imes when 

the  necessary c o n d i t i o n  i s  s a t i s f i e d ,  b u t  t he  s u f f i c i e n t  c o n d i t i o n  

f o r  decay i s  n o t  known and no q u a n t i t a t i v e  p r e d i c t i o n  o f  t he  break- 

down i s  achieved. F i n a l l y  we suggest t h a t  v a c i l l a t i o n  may be 

charac ter ized  as a  quasi - s tab le  osc i  11 a t i o n  about equi 1  i b r i  um p o t e n t i a l  

v o r t i c i  t y  s ta tes .  With on l y  s l i g h t  v a r i a t i o n s  i n  r o t a t i o n  o r  hea t i ng  

from the  condi ti ons f o r  steady waves, the  tendency toward conservat ion 

of p o t e n t i a l  v o r t i c i t y  leads t o  s t a b l e  s h i f t s  o f  t he  j e t  ax i s  u n t i l  

s u f f i c i e n c y  cond i t ions  f o r  i ns tab i  1  i t y  occur. 

Russel 1  Leonard E l sbe r r y  
Atmospheri c  Science Department 
Colorado Sta te  U n i v e r s i t y  
F o r t  Col 1  i n s  , Colorado 80521 
December, 1968 
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CkiAPTER 1 

IYTRODUCTI9N 

Purpose. To understand t+e  complex motions of t$e atmosphere, 

i t  i s  helpful t o  isolate  the essential  features of the circulation in 

simple models. Laboratory models with 1~1idel v differing arrangements of 

heat and momentum sources and  sinks,  as well as geometries vastly 

departing fron dynarni c simi 1 i tude requi rements , have ooened U D  the 

possibil i ty of control led expe r i~en t s  on the large-scale atmospheric 

ci rcul ations . The exi s tence of experimental anal ogues , i n whi ch 

various requirements of dynamic simi 1 i tude are not sa t i s f ied  , can 

indicate which of the various parameters are important in determinin? 

the flow. 

Fultz(1952, 1956) and Hide (1953, 1956) have shown tha t  a t  

leas t  four d i s t inc t  flow regimes resul t  when water in a rotatinq 

annulus i s  heated a t  the outer rim and cooled a t  the inner rim. 

Maintaining the same temperature difference across the f l u i d ,  variations 

in rotation lead to  transit ions between: ( a )  an axisymmetric Hadley 

c e l l ,  ( b )  steady s t a t e  proqressive wave motion, w i t h  t ransit ions to  

higher wave numbers a t  higher rotations,  ( c )  vaci 1 la t ing wave motion, 

discovered by Hide (1956), and ( d )  unsteady, asymmetric wave motion. 

The motion, shown by small a1 uminum particles floating on the top 

surface or various tracers in the inter ior  of the f lu id ,  i s  surprisingly 

similar t o  large-scale planetary circulations.  'Jhen normalized in 

terms of the equatori a1 vel oci t v  and other characteri s t i  c parameters, 

quantitative comsari sons indi cate t h a t  these control 1 able emerimen t s  

can be very helpful i n  the stud*! of atmos~hsric dvnamics. 



A complete study of these exgerimental analoaues reoui res 

information on thei r .. three-dimensi ona1 s t ructure.  Thus a ser ies  of 

experiments a t  the Universi t.y of Chicaqo was nlann~d t o  obtain internal 

tem~erature and  top-surfacs veloci tv data to  define th is  s t ructure 

for  each of the four classes. Having such data,  Riehl and Fultz 

(1957, 1958) were able to  compute the internal flo!-IS, as well as 

suggest the mechanisms which maintain the steady-state wave rnotioo. 

~a i sanen  (1961) carried out a similar analysis fo r  the symmetric 

Wadlev ce l l .  This study continues the ~ l a n  for  the vacillation case, 

based on data taken in the Hydrodynamics Laboratory of the Universi t ,y  

of Chicago by Professor Dave Ful t z .  

The phenomenon of vacillation may take on many variations 

depending on the heating and rotation rates for  the   articular aeometry. 

Pfeffer and Chiang (1967) have described a type of vaci 11 ation which 

involves amplitude variations only. In this  case we in terpre t  

vacillation to be the cyclic variation of troughline orientation (with 

respect t o  radial l ines)  and wave amplitude (Figure 1 ) .  The troughline 

of the surface streamflow varies from a southwest-northeast (north 

toward center of rotation) " t i l t "  throuah a radial orientation to  a 

southeast-northwest t i  1 t. That i s ,  the sense of the angular momentum 

transfer  by horizontal eddy wotion reverses over the period of the 

cycle. As the wave moves into the SE-NW t i l t  large cyclonic circulations 

develop in the troughs. Thus with a period of 16 rotations,  the surface 

flow goes through a reversal of "eddy" anaular moventum flow and, 

intui t ivelv with the analouv to develo~nent of vortices i n  the 

atrnos~here, a variation in heat flow. ',lhile the anaular moment~rm 



and heat  f luxes are n o t  e x p l i c i t y  r e l a t e d  t o  t he  t r o u g h l i n e  t i 1  t, t h i s  

ti 1 t i s  considered the  essen t i a l  f e a t u r e  o f  v a c i l l  a t i o n  (Ful  t z ,  
I 

personal communication). *I 
The atmospheric phenomenon f o r  which vac i  11 a t i o n  i n  t he  

annulus i s  an analogue i s  t he  index cyc le.  A " cyc le "  i n  values o f  t he  

zonal index, the  l o n g i t u d i n a l  mean o f  t he  sur face  geostrophic  wind, 

has been qua1 i t a t i  v e l y  associated w i  t h  changes i n  t h e  1 arge-scale 

atmosphere c i  r c u l  a t i  on. High index  values occur  w i t h  zonal motion, 

a1 t e r n a t i n g  w i t h  low values which occur when d is turbances form and 

mer id iona l  motion i s  more dominant. While the  concept o f  an index  

cyc le  has proven use fu l  i n  a d e s c r i p t i v e  sense, at tempts t o  o b t a i n  

q u a n t i t a t i v e  evidence f o r  i t s  ex is tence have gene ra l l y  f a i l e d .  

By s tudy ing  the  v a c i l l a t i o n  which i nvo l ves  a s imple 

d i s t r i b u t i o n  o f  heat  sources, we hope t o  i s o l a t e  t he  e s s e n t i a l  

mechanisms by which a b a r o c l i n i c  f l u i d  system i s  ab le  t o  undergo 

p e r i o d i c  v a r i a t i o n s  . Atmospheric waves a t  bes t  undergo quas i -per i  od i  c  

v a r i a t i o n s  f o r  o n l y  s h o r t  per iods.  However s i nce  the  present  

fo recas ts  f o r  longer  than a few days are  main ly  s t a t i s t i c a l ,  an 

i ncreas 

and mai 

ed understanding o f  t he  f a c t o r s  i nvo l ved  i n  t he  development 
! 

ntenance of quas i -per iod i  c v a r i a t i o n s  would be o f  considerable 
I 

va l  ue. 
I 

Experimental cond i t ions .  Detai  1s o f  t he  experiment and the  

associated equipment are contained i n  F u l t z ,  e t  a1 (1959) and a 

se r i es  o f  con t rac t  repo r t s  (e.g. F u l t z  1964). The annuluq has an o u t e r  
1 r ad ius  ro o f  19.525 cm, an i n n e r  rad ius  r i  o f  7.825 cm, a d  i s  f i l l e d  t o  

a depth o f  7.00 cm w i t h  water  con ta in ing  a smal l  amount o f  detergent .  
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Heat i s  added t o  the  f l u i d  a t  the  ou te r  r i m  by means o f  
I 
I 

hea t i ng  c o i l s  i n  con tac t  w i t h  the r i m .  Heat i s  a lso  added by a base 

hea t i ng  r i n g  extending from r = 0.6 t o  0.8 s ince,  f rom experience, 
ro 

t h i s  helps t o  make the v a c i l l a t i o n  p e r i o d i c  and s h i f t s  t he  j e t  inward 

from t h e  w a l l .  To ta l  nominal heat ina  o f  95 wat ts ,  80 a t  r i m  and 15 

a t  base, i s  comparable t o  t he  100 wa t t s  used i n  t he  symmetric case 

( ~ a i s a n e n ,  1961) and the  three-wave case (R ieh l  and F u l t z ,  1957, 1958). 

However a l l  o f  t he  hea t i ng  was a t  t he  r i m  i n  those cases. Thus the  

main d i f f e r e n c e  between t h e  experiments i s  t he  r o t a t i o n  r a t e  

n = 0.05, 0.3 and 0.5 sec-' f o r  symmetric, three-wave and five-wave 
0 

v a c i l l a t i n g  cases. , 1 
I I 

The parameter most impor tan t  i n  d i s t i n g u i s h i n g  the  regimes i s  

t h e  thermal Rossby number ROT =(, 9 fAr which i s  t h e  r a t i o  o f  t he  

thermal wind t o  the  equa to r i a l  r i m  speed r o n o  Here we use the  

n o t a t i o n  o f  F u l t z  (1959) where e i s  t he  thermal expansion c o e f f i c i e n t ,  

i s  a t y p i c a l  r a d i a l  temperature g rad ien t ,  6 i s  t h e  depth, and 
A r 

f = Zno i s  t he  C o r i o l  i s  parameter. Values o f  ROT f o r  t h e  respec t i ve  

experiments a re  3, 0.19 and 0.025. 

Plan o f  t he  research. Having shown t h a t  t he  sur face  f l o w  --- 
pat te rns  are analogous t o  those i n  the  atmospheric index cyc le,  we 

f i r s t  e s t a b l i s h  analogy o f  i n t e r n a l  c i r c u l a t i o n s  as we1 1. The a v a i l a b l e  

data i nc lude  the  sur face  v e l o c i t i e s  from the  photographs o f  F igure 1, 

and the  temperature f i e l d  throughout the  f i e l d .  I 
I n  P a r t  A on the s t r u c t u r e  o f  the  f low,  t he  technique f o r  

cornputi ng the  h o r i z o n t a l  s t reamfunct ion i s  discussed. A1 though the  

quas i -hor izon ta l  f l ow  i n  t he  i n t e r i o r  can be made v i s i b l e  by dye 

re leases and o t h e r  techniques, q u a n t i t a t i v e  measurements are d i f f i  c u l t  



and a re  used on l y  t o  check t h e  computed s t reamfunc t ion  pa t t e rns .  .4s i n  

i n v e s t i g a t i o n s  o f  atmospheric energe t i cs  and mechanisms, t he  computation 

o f  the  v e r t i  c a l  mot ion i n  the  annul us i s  c r u c i  a1 . We here use the  

so -ca l l ed  u equat ion which i s  a l s o  used f o r  l a rge -sca le  atmospheric 

v e r t i c a l  mot ion c a l c u l a t i o n s .  

To complete the  atmosphere-annulus analogy we compute i n  P a r t  

0 t he  var ious s t a t i  s  ti c a l  ~ a r a m e t e r s  whi ch speci  f y  t he  general  c i  r c u l  a- 

t i o n .  Other  than the  mass balance i m p l i e d  by t h e  c o n t i n u i t y  equat ion,  

t he re  a re  severa l  c o n s t r a i n t s  which t h e  f l  ow must s imu l taneous ly  

s a t i s f y .  By computing these q u a n t i t i e s  we can determine t h e  mechanisms 

by which the  f l u i d  t rans fe rs  hea t  and momentum f rom sources t o  s i nks .  

The generat ion o f  p o t e n t i a l  energy, convers ion t o  k i n e t i c  energy and 

then the  d i s s i p a t i o n  of k i n e t i c  energy form t h e  l i n k s  i n  t he  energy 

cyc le .  Here t he  v e r t i c a l  mot ion c a l c u l a t i o n s  a re  very  impo r tan t  i n  

t h e  t rans fo rmat ions  between var ious energy forms, a l though t h e  k i n e t i c  

energy o f  t he  v e r t i c a l  component i s  n e g l i g i b l e .  Thus i n  P a r t  B - how the  

vac i  11 a t i  on occurs i s  descr ibed i n  terms o f  general  c i  r c u l  a t i  on 

balances and i n t e g r a l  c o n s t r a i n t s .  

To e x p l a i n  why the  v a c i l l a t i o n  occurs we l ook  f o r  an i n -  

s t a b i  1  i t y  c r i t e r i o n  i n v o l v i n g  bo th  baroc l  i n i  c  and b a r o t r o p i c  e f f e c t s .  

When a p p l i e d  t o  coord inates a1 igned w i t h  t he  j e t  stream, t h e  c r i t e r i o n  

p r e d i c t s  t he  growth and decay of t h e  j e t  stream. Fu r the r  cons ide ra t i on  

o f  t he  p o t e n t i  a1 v o r t i  c i  t y  suggests t h e  exp lana t ion  f o r  t h e  occurrence 

o f  v a c i l l a t i o n  versus steady s t a t e  waves. I n  conc lus ion  we discuss the 

var ious  f a c t o r s  i n v o l v e d  i n  comparing the  v a c i l l a t i o n  i n  t he  annul us t o  

the  index  c y c l e  i n  t he  atmosphere. 



CI-IAPTER I1 

DATA 

As i n  Riehl and Fu l t z  (1957) the i n t e rna l  f low ve loc i t i e s  w i l l  

be computed using (a) sur fzce ve l oc i t y  measurements and (b) temperature 

(converted t o  s p e c i f i c  volume) measurements i n  the i n t e r i o r .  The tem- 

peratures were d i g i t a l l y  recorded each r o t a t i o n  and, as shown l a t e r ,  

were converted t o  values a t  times corresponding t o  a surface photograph. 

Each of the f i ve  waves goes through the vaci 1 l a t i  on cycle 

near ly  simultaneously. Fu l t z  (1968) has i so l a ted  the s l i g h t  ~ h a s e  

lead of one o r  two of the waves w i t h  respect  t o  the others as probably 

being due t o  a s l i g h t  e l l i p t i c i t y  i n  the bottom surface. This has only 

a small e f fec t  on the temperature data which i s  the mean o f  three 

thermocouples i n  three d i f f e r e n t  waves. I n  each o f  the diagrams we 

present only one wave imply ing t h a t  a l l  f i v e  are exac t l y  i d e n t i c a l  i n  

the s t ruc tu re  and devel opmen t . 
U Top surface flow. The kinematic Rossby n u h e r  R = - 

rOR, 

i s  an important parameter f o r  comparison between experiment and 

atmosphere, as was suggested by Rossby (1947). Since R i s  the r a t i o  

o f  convective t o  Cor io l  i s  accelerat ions, the  value o f  0.09 based on 

the surface j e t  speed ind icates  t h a t  the motion was less ageostrophic 

than f o r  the three-wave case where R-0.2. And w i t h  R < < l  the use o f  the 

U-equation i s  j u s t i f i e d  f o r  computation o f  the v e r t i c a l  motion. 

The most d is t ingu ishab le  feature o f  the photographs o f  the 

surface f low i s  the o r ien ta t ion  o f  the j e t  streams. Without de ta i l ed  

analysis o f  the streak measurements, i t  i s  possib le t o  spec i fy  the 

various stages o f  the v a c i l l a t i o n .  The time a t  which the tilt o f  the 

trough1 i n e  was advancino frow west t o  east  throuoh the r ad ia l  



o r i e n t a t i o n  was chosen as the  beg inn ing  o f  c y c l e  t ime. Because the 

vac i  1  l a t i o n  i s  p e r i o d i c ,  1  i n e a r  i n t e r p o l  a t i o n  between sucessi  ve r a d i  a l 

o r i e n t a t i o n s  s p e c i f i e s  t he  t ime v a r i a t i o n .  For most o f  the  experiments 

t h i s  i n t e r v a l  i s  very n e a r l y  16 r o t a t i o n s .  We then can spec i fy  t h e  

cyc le  phase t ime t o f  photographs taken each r o t a t i o n  on a  sca le  f rom 

0 t o  1. However i n  the  diagrams we s n e c i f y  the  t ime as r o t a t i o n s  

(1  t o  16) p a s t  the  beg inn ing  o f  the  cyc le  corresponding t o  the  

p a r t i  cu l  a r  s e r i e s  o f  sur face  photographs. 

A l o n g i t u d i n a l  g r i d  moving a t  the  same speed as t h e  wave i s  

u t i l i z e d .  The zero p o i n t  o f  t h i s  wave l ong i t ude  g r i d  i s  chosen t o  

be the  m idpo in t  between the  outward and inward su r face  j e t  maxima a t  

m i  d rad i  us. Again w i  t h o u t  d e t a i  l e d  measurements o f  t h e  s t reaks  one 

i s  ab le  t o  s p e c i f y  the  p o s i t i o n  A o f  a s t reak  ( o r  a thermocouple) w i t h  

respec t  t o  wave zero l ong i t ude  (WZL). O f  course the  l a t i t u d e  i s  

s p e c i f i e d  i n  terms o f  equal r a d i a l  increments.  

Data i n  a  coord ina te  system moving w i t h  t he  wave can be con- 

ve r ted  t o  a  coord ina te  system f i x e d  t o  the  pan knowing the  v e l o c i t y  

o f  t he  system. Table 1  shows the  displacement of the  WZL (de f i ned  a t  

m id rad ius)  versus cyc le  t ime. Because o f  the tilt o f  the  t rough,  the  

l o c a l  wave speed va r i es  w i t h  rad ius .  

Table 1  

Wave speed (Odeg 1  ong. / rev01 u t i o n )  vs c y c l e  t ime 

Figures 2a t o  d show the  i so tach  analyses der ived  f rom the 

s t reak  measurements. Larges t  v e l o c i t i e s  of  9 p e r  cen t  o f  the r i m  

speed are reached very near the i n n e r  c o l d  w a l l .  Th is  j e t  a t  the  i n n e r  



Fig. 2a Velocity of top surface from length of aluminum 
powder streaks, ex~ressed as per cent of equatorial 
(outer) rim speed. T = 1 (top) and T = 3.  



F i g .  2b Same as F i g  2a f o r  T = 5 ( t op )  and T = 7 



Fig.  2c Same as F i g  2a f o r  T = 9 ( top)  and T = 11 



Fig.  2 d  Same as F i g  2 a  for  T = 13 ( t o p )  a n d  T = 15 



w a l l  i s  a  permanent fea ture ,  reaching maximum speed i n  the  open wave 

stage and minimum i n  the  vor tex  stage o f  t he  flo\hl. The surface f l ow  i s  

a l s o  marked by s t ronq  mer id iona l  j e t s .  Tn the  vo r tex  stage, the  j e t  

wraps around the  vo r tex  w i t h  an e a s t e r l y  , jet  o f  f i v e  p e r  cent  t o  the  

n o r t h  and f i v e  pe r  cent  i n  a  secondary n o r t h e r l y  j e t  on the  west. 

A second f e a t u r e  o f  t he  upDer f l o w  impor tan t  t o  momentum con- 

s i d e r a t i o n s  i s  ev ident .  When t h e  tilt o f  t h e  wave ax i s  i s  northwest- 

southeast w i  t h  respect  t o  a  r a d i  a1 (nor th-south)  o r i e n t a t i o n ,  t he  

eddy f l u x  of wes te r l y  momentum i s  d i r e c t e d  outward s ince  t h e  outward 

f low has a  l a r g e r  wester1.v com~onent  than does the  compensati nq inward 

flow. L a t e r  t he  t i 1  t becomes northeast-southwest which S t a r r  (1945) 

suggested was the  o r i e n t a t i o n  t h a t  la rge-sca le  a t m o s ~ h e r i  c  eddies 

assumed i n  o rde r  t o  t r a n s f e r  wes te r l y  momentum poleward ( inward).  

A t  l e a s t  i n  t he  upper layers ,  t he  v a c i l l a t i o n  has an associated 

reve rsa l  o f  angular  momentum f l u x .  We w i  11 1  a t e r  consider  t he  

importance o f  t h i s  reve rsa l  i n  ma in ta in ing  t h e  energy o f  t h e  l a rqe -  

sca le  eddies . 
Temperature. Measurements s u f f i c i e n t  t o  def ine the  three-  

dimensional , time-dependent thermal s t ruc tu re ,  w i t h  o n l y  a  few thermo- 

couples so as n o t  t o  d i s t u r b  the  flow, r e q u i r e  r e p e t i t i o n  o f  t he  

experiment. Thus the  requirement f o r  c l o s e l y  c o n t r o l l e d  experiments 

and h i g h l y  p e r i o d i c  v a c i l l a t i o n .  The technique by which a  t r a c e  

from a  thermocouple s t a t i o n a r . ~  w i t h  respec t  t o  t h e  annulus i s  con- 

ve r ted  t o  a  lonq i tude-cyc le  phase t ime diaaram, and then t o  h o r i z o n t a l  

maps o f  the thermal f i e l d ,  i s  a iven i n  Anpendix A. 

F iaure 3a shows the  mer id iona l  c ross-sec t ion  o f  t he  o v e r a l l  

mean temperature a f t e r  removal of t he  mean v e r t i c a l  l a m e  r a t e  sholb~n 



BASE HEATING RING 

Fig. 3a Deviations (10-I C )  from overall mean temperature 
a t  each point in the meridional cross-section, 
af ter  subtracting the lapse rate in Fig. 3b. 

OVERALL MEAN LAPSE RATE 

TEMPERATURE (C ) 

Fig. 3b Time- and horizontal space-averaged 1 apse rate.  
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in Fiqure 3b. Over the midradius there i s  essentially no horizontal 

temnerature gradient, a1 1 the oradient beina concentrated near both 

! a l s  This i s  a dramatic difference from tbc2 a t r o s ~ h e r i  c case, in 

whi c~ large horizontal temperature qradients ex is t  throuql?out the 

midcle la t i tudes.  Regardless of th is  important difference, the j e t  

strzams in the annulus and  in the atmosphere have comparable velocities 

in non-dimensional units . 

Glass l ids  placed over the annulus reduced, b u t  did not 

corcpletely eliminate, the evaporation from the top surface. In the 

large anticyclonic regions with small veloci t ies ,  the water i s  

strongly cooled a t  the surface and resul ts  in an unstable mean lanse 

rate near the top. Ink traces in th is  layer appear to  remain laminar, 

a1 though with stronger evaporative 1 ayers , turbulent eddies are 

sometimes observed. 

An important feature of the temperature f i e ld  which does 

not appear in Figure 3a occurs near both walls. Figures 4a and 6 

show the detailed temperature structure a t  the inner (cold) and outer 

(warm) walls. The double structure of the boundary layer i s  clearlv 

shown in these overall time-averaqed temperature val ues . A simi 1 a r  

structure appears in the analytic (Hunter, 1967) and numerical 

(Wi 11  iams , 1967) treatments as we1 1 as ex~erimental observations o f  

t i l e  symmetric regirne. The secondary minimum near the cold wall can  

iwly be the result  of up motion and i t  was this  observation which 

urorn~ted the use of a boundary condition of zero vertical motion i.1 

this  region. 

Figure 5 shows the temnerature difference a t  z = 2 . 5  CP 

between r = 8.20 an$ 8.46 cm as a function o f  space x a n d  t i w  t. 



Wavelength ( A  1 

F ig .  5 Wavelength ( A ) - c Y C ~ ~  phase t ime ( t )  diagram a t  
z = 2.5 cm f o r  t he  temperature d i f f e r e n c e  (10-2C) 
between r = 8.20 cm and 8.46 cm. Negat ive values 
i n d i c a t e  co lde r  water  a t  8.20 cm. I 

I 



A 1  though the overall man te~werature Ci ffsrence i s  n e ~ a t i  ve (col der a t  

8.20) as i s  shown in Fiqure 4a, near k=r3 the difference i s  s l iqht lu 

positive, and  a variation with time i s  evident. Conseauentlv a 

maximum in the temperature profile 1,vould n o t  be observed near x = O  a t  

this level. I t  i s  thus auestionable \lrclether the use of a bounrlarv 

condition of zero vertical motion in this  region i s  accentable. 

However a complete treatment to determine the three-dimensional 

velocity structure i n this  secondary boundary 1 ayer woul d i nvol ve 

many data points and a more complex treatment than was f e l t  to be 

warranted . 
An important distinction between th is  case and the three-wave 

and symmetric cases i s  that  the meaq vertical lapse ra te  i s  loC/cm 

compared with 2O~/cm in the others. This aPpears to  be main1 y due 

to the difference in the method of heating since the total  heat innut 

i s  nearly the same. In the previous cases the heating was ent i rely a t  

the outer vertical  wall, b u t  heating a t  the bottom leads to a less 

s table  lapse rate.  The actual lapse rate  must be a balance between 

the externally forced lapse rate  and internal adjustments due to 

convection. With the higher rotation r a t e ,  horizontal convection 

becomes more dominant and also contributes to  reducina the mean 

s t r a t i f i ca t ion .  

Horizontal temnerature paps for  cvcle times a t  which we have 

analyzed surface velocitv data are constructed Sy selectina the 

temperature data a t  the same cycle time from a l l  ( x - t )  diagrams 6~ a 

given z .  Since temoerature values a t  adjacent radii were senarrl te 1 ; 

obtained in different  exneriments , save srloothi nq  was required. 



Temperature f i e l d s  were constructed f o r  11 he i  gh t s  ranging 

from 0.1 t o  6.9 cm, and a t  the e i g ~ t  cycle phase times correspondinq t o  

the surface isotach analyses shov~n i n  Figure 2. Not a l l  o f  these 

can be shown, bu t  a representat ive se l ec t i o r  f o r  f ou r  heights a t  fou r  

times i s  shown i n  Figures 6a t o  d. 

A s t r i k i n g  feature o f  these temperature f i e l d s  i s  the small 

hor izonta l  temperature gradients. I n  the three-wave case, a range o f  

3 t o  6 C was present over the hor izonta l  surfaces. Here isotherms 

range over only 1 C a t  the top t o  2 C near the bottom. Associat ion 
I 

o f  these isotherms w i t h  the surface isotachs (Figure 2 )  i s  eady s ince 

the tilt and amplitude of the pat terns are r a the r  p a r a l l e l .  This 

has important impl ica t ions f o r  the hor izonta l  eddy heat t r ans fe r  which 

depends on the phase l a g  between streamlines and isotherms. 











PART A. STRUCTURE OF THE FLOW --- 
CHAPTER I11 

TOPOGRAPHY OF TOP SURFACE 

Fo l low ing  R ieh l  and Ful t z  (1957) we compute the  v e r t i c a l  

pressure d i s t r i b u t i o n  us ing  t h e  three-dimensional temperature f i e 1  d 

once the  sur face  c o n f i g u r a t i o n  i s  computed from the  sur face  v e l o c i t i e s .  

Since the  v e r t i c a l  v e l o c i t y  i s  very n e a r l y  zero a t  the  t o p  sur face,  ou r  

knowledge o f  t he  h o r i z o n t a l  v e l o c i t y  i s  s u f f i c i e n t  t o  compute a l l  t he  

terms i n  the  complete h o r i z o n t a l  equat ions of motion except t h e  

des i red  pressure term and those f r i c t i o n a l  terms i n v o l  v i n q  d e r i v a t i v e s  

w i t h  respec t  t o  he igh t .  Measurements i n  t h e  Ekman boundary l a y e r  

a t  the  top  sur face  are s u f f i c i e n t l y  d i f f i c u l t  t h a t  no q u a n t i t a t i v e  ones 

have been attempted. We then must choose between equat ions i g n o r i n g  

on l y  t he  boundary 1  ayer  e f f e c t s ,  o r  modify Hide ' s  (1 964, 1965) 

equat ions f o r  t h i s  boundary l aye r ,  a t  t h e  cos t  o f  n e g l e c t i n g  the  

i n e r t i a l  terms compared t o  t he  C o r i o l i s  term. Since t h e  r a t i o  o f  

these terms, t he  k inemat ic  Rossby number, i s  smal l ,  we choose t o  

neg lec t  t he  i n e r t i a l  terms. 

Hide (1964) so lved the  boundary l a y e r  equat ions f o r  t h e  

v e r t i  ca l  v a r i  a t i o n  of t he  v e l o c i t y  components . Assuming the  baroc l  i n i  c  

i n t e r i o r  f l o w  i s  geostrophic,  and the  sur face  s t ress - f ree ,  t he  

r e s u l t i n g  s o l u t i o n s  are s i m i l a r  t o  Ekman s o l u t i o n s  (see Appendix R ) .  

Both t h e  three-wave and symmetric experiments i n d i c a t e d  t h a t  the  top  

sur face  was n o t  f ree ,  t he  a i r  above the  water  e x e r t i n g  a  drag on the 

surface. Possib le con t r i bu t i ons  from surface v i s c o s i t y  i n  t he  presence 

o f  su r face -ac t i  ve agents are n o t  known. From ~ a i s a n e n  ' s  (1961 ) 

publ ished momentum balance we can ob ta in  a  value f o r  the  draa c o e f f i c i e n t  



(CD = 0.01). Including the e f fec t  of a s t ress  a t  the surface changes 

only the boundary condition on Hide's solution. As the actual vertical  

variation represented by th is  sol Ittion i s  not important to  the present 

discussion we leave the detai ls  to  Pnpendix 3. The velocity comnonents 

evaluated a t  the surface are a function of the pressure force and the 

t u r n i n g  in the boundar,~ layer due to  barocl in ic  and fr ic t ional  effects .  

To then solve for  the pressure height h f ie ld  by relaxation techniques, 

we take the cross derivatives to  form the Laplacian of h. From 

Appendix B the resulting equation in non-dimensional form i s  i 
2n &* 2 C D a v a v 

V h = - < - - V a - - {-V(<-Oh) + ( V  - V  ) - + ( V  +V ) - 1 
9 2a ?s o r rao e r ar D=O 

(1 

- - QL - i s  the relat ive - ao r ar 
* 

vor t ic i ty ,  6 = (i) '"  i s  the Ek~an depth, n i s  specif ic  volume, 

- + * i s  the two- CD = 0.01 i s  the drag coefficient,  Dh - - -  r ar rao 
dimensional divergence, and V2 = v02  + vr2  i s  the square of the total  

velocity relat ive to  the pan. This and the following equations are 

made non-dimensional using the technique of Ful t z ,  e t  a1 (1959). 

A balance between the term on the l e f t  and the f i r s t  on the r ight  

would denote geostrophic balance. The second term on the r ight  i s  the 

barocl in ic  or thermal wind turning, and the 1 a s t  i s  the fr ic t ional  

s t ress  contribution. All terms on the r ight  side of th is  equation 

are known and standard relaxation methods of solution may be used 

once the boundary conditions on h are snecified. 

Figure 7 shows the qrid on which the solution was obtained. 

Since the grid reneats from one wave to the next, a cyclic boundary 

condition may be used alona the radial boundaries. Aloqq tbe f i r s t  
ah row of ar id  noints adjacent to  the walls, - determined from the 
(3 r 

veloci t:~ and tem~erature fie1 ds with the analvtic solution for v~ 



Fig. 7 Horizontal g r id  over one wavelenath. Note the  
o r i en ta t ion  of t he  r , o  coordinates .  



(see Appendix R) i s  t he  reau i red  boundary c o n d i t i o n  f o r  t he  r e l a x a t i o n  

s o l  u t i on :  

ah - 2n - - -  6 * 
V O  

- -  { -  - aa + } + % { v @ V  + V \!I 
a r  g 2a a r  rao a 6 r 

Re1 a t i  v e l y  smal l  dev ia t ions  f rom geos t r o p h i  c  f l o w  are shown 

by the  h e i g h t  contours ( n o t  shown) which nea r l y  co inc ide  w i t h  the  

s t reaks  o f  F igure 1. Thus a  balance between o n l y  the  f i r s t  two terms 

i n  the  equat ion would be adequate over most o f  the  sur face.  I n  t h e  

reg ion  o f  t he  j e t  t he  f r i c t i o n a l  term i s  a t  most 10 pe r  cent  o f  t h e  

v o r t i  c i t y  term. 

One fea tu re  o f  t h e  sur face  f l o w  which i s  n o t  represented by 

the  above technique i s  the  observat ion o f  mean mer id iona l  aluminum 

powder v e l o c i t i e s  outward a t  most r a d i i .  The f r i c t i o n a l  te rm r e s u l t s  

i n  inward d r i f t  as would t he  surface tension,  considered by Hide 

(1965). For the  r o t a t i o n  r a t e  i n  t h i s  experiment and w i t h  t he  use 

o f  a  de tergent  s o l u t i o n ,  t he  a d d i t i o n a l  f o r c e  due t o  sur face  tens ion  

i s  l i k e l y  t o  be smal l .  We w i l l  show l a t e r  t h a t  outward sur face  f l o w  

i s  a  r e f l e c t i o n  o f  a s t rong  i n d i r e c t  c e l l  i n  the  i n t e r i o r  of the  

f l u i d .  Consequently t he  assumption o f  geostrophic  f l o w  i n  t h e  i n t e r i o r  

foregoes an:v computation o f  n e t  outward sur face  f low.  I 
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Havina computed t h e  h e i g h t  c o n f i  a u r a t i o n  o f  t h e  unoer s u r f a c e ,  

and knowi nq t h e  three-d imens iona l  temnerature  ( s p e c i f i c  v o l  ume) f i  e l  r! 

we use t h e  h y d r o s t a t i c  e n u a t i o n  t o  compute t h e  h e i q h t  c o n f i q u r a t i o n  

a t  any i n t e r i o r  l e v e l .  To d e r i v e  t h e  h o r i z o n t a l  f l o ! ~  v e l o c i t i e s  we 

use t h e  s o - c a l l e d  ba lance equa t ion .  

Given t h e  p ressure  i n t e r v a l  6p between two i s o b a r i c  su r faces ,  

asp = -g&h. For  s tandard  s ~ e c i f i c  volume as, we may w r i t e  

os6p = -gabs. E l i m i n a t i n g  60 and i n t e g r a t i n g  f r o m  t h e  t o p  s u r f a c e  

ti down, t h e  h e i g h t  o f  any c o n s t a n t  p ressure  s u r f a c e  i s  h = h  - - 6 hS 
t o p  as 

where & i s  t h e  pressure-averaged s p e c i f i c  volume. Now as may be taken  

as 1.0 and 6hS i s  t h e  i n t e r v a l  between t h e  s t a n d a r d  l e v e l s .  These 

h e i g h t s  a r e  made non-dimensional  by  d i v i s i o n  by  ro. 

In c y l i n d r i c a l  c o o r d i n a t e s  t h e  d ive rgence  e q u a t i o n  o b t a i n e d  

by t a k i n g  t h e  d ivergence o f  t h e  i n v i s c i d ,  h o r i z o n t a l  v e c t o r  e q u a t i o n  

o f  mot ion  may be w r i t t e n  

d  a -(D ) +Dh2 - 2 J ( v  v ) - -(v a~ av a m  av 
d t  h  0' r rar r + "0 rao ap ar ap 

) + - 2 + - 2 - 2nr;= ao2h 

av r a\l~ av, - av, av, where Dh = + and t h e  Jacobean J(ve,vr) = rao ar rao ar 

dn and u = - i s  t h e  v e r t i c a l  v e l o c i t y  i n  p r e s s u r e  c o o r d i n a t e s .  d  t 

Assumption o f  geos t roph i  c  mot ion  i n  t h e  i n t e r i o r  wou ld  i m p l y  d ropp ing  

a1 1 b u t  t h e  l a s t  two terms. The usual  m e t e o r o l o q i c a l  q u a s i - a e o s t r o p h i c  

ba lance e q u a t i o n  r e t a i n s  a  te rm i n v o l v i n g  t h e  g r a d i e n t  o f  t h e  C o r i o l i s  

f o r c e ,  which i s  zero f o r  t h i s  geometry. A more comnlete fo rm which 

r e t a i n s  t h e  Jacobean te rm and t h e  c u r v a t u r e  terms w i l l  be used here.  



T h a t  i s  we neglect the terms involvin? Oh and I,J which are small compared 

to  the remaining terms. 
3 IJ! We define the streamfunction q~ by the relations vi; = - - ;; r 

- a*  and v r  - - (where r i s  positive inward) and notinn tha t  c = v'ti. rao 
the balance equation i s  

a 2n v 2 $  = -gv2h - 2 J (V , V  ) - - ( v 2 )  
B r ra r  ( 2 )  

With e l  1 i pti  ci ty conditions cornoarable to  those gi ven by Shuman (1  957) 

fo r  the atmospheric case, this  equation may be sol ved by an i t e r a t i  ve 

relaxation technique. No corrections were necessary a t  any le?el to 

prevent the equation from becoming hyperbolic. The i n i t i a l  guess f o r  

$ was the geostrophic f i e ld ,  and geostrophic flow across the inner 

(0.425) and outer (0.975) radii specified the boundary conditions 

there. Successive i terat ions i ncl uded bet ter  approximations to  the 

Jacobean and curvature terms until only very small changes olcurred. 

Five i terat ions were judaed to  be suff ic ient .  A technique fo r  

evaluating the Jacobean which also accounts for  the variable grid 

lengths in cyl i ndri cal coordi nates was de.ri ved fol 1 owing Bring and 

Charasch (1958). 

Figures 8a-d show the streamfunction a t  the levels 6 ,  4, 2 ,  

and 0.1 cm for  only T = 1 ,  5, 9 ,  and 13. Concentrated streamflo\~~ 

associated with the j e t  a t  the surface i s  evident a t  z = 6 cm. In 

lower layers th is  onen wave gives way to a closed cyclone under the 

inflection point of the upper je t .  Also in the lower layers the 

motion i s  predominantly from the eas t  near both walls. A t  T =I5 a 

relatively huge vortex extends throughout the f lu id ,  ui t h  conseauent 

shrinking of the anticyclonic ce l l s .  4 t  z = 6 and 4 cm for  T = P the 

wave t i  1 t i s  from soutGlwest to  northeast, b u t  in the lo~qrer layers, the 



wave t i l t  i s  s t i l l  no r thwes t -sou theas t ,  Th is  con t inues  t o  be t r u e  a t  

T = 13, i n d i c a t i n g  t h a t  these l o w e r  l a \ / e r s  do n o t  ao th rouqh  t h e  

l a r g e  o s c i l l a t i o n  i n  wave t i 1  t which t v n i f i ~ s  t h e  v a c i l l a t i o n  i n  the  

upper l a y e r s .  The base hea t  source vav h e l n  h o l d  t h e  n a t t e r n s  more 

s t a t i o n a r , ~ ,  which has i m n o r t a n t  i m ~ l  i c a t i  ons i n  t h e  a n g u l a r  momentun- 

ba lance o f  t h e  whole lvave. 

I n  r e g i o n s  o f  l a r a e  zonal  v e l o c i t y  t h e  speeds computed f rom 

t h e  s t reamfunc t ions  were checked by r e l e a s i n g  dye a t  10-20 p o i n t s  f o r  

f o u r  d i f f e r e n t  t imes .  Because t h e  p a t t e r n s  a r e  t ime-dependent, 

measur ing t h e  d isp lacements  o v e r  s u f f i c i e n t 1  y l o n g  t i m e  i n t e r v a l s  

i n t r o d u c e s  space and t i m e  l o c a t i o n  e r r o r s .  The computed v e l o c i t i e s  

above about  one cm depth a r e  w i t h i n  t h e  accuracy o f  these  measurements. 

It i s  e a s i e r  and q u i c k e r  t o  check t h e  d i r e c t i o n  o f  t h e  dye s t r e a k s  f o r  

t r a n s i  ti on between e a s t e r l y  and w e s t e r l y  components. These checks 

and t h e  o r i e n t a t i o n  o f  t h e  dye s t r e a k l i n e s  f u r t h e r  s u b s t a n t i a t e  t h e  

f low p a t t e r n s  i 1  l u s t r a t e d  by t h e  s t r e a m f u n c t i o n  f i e l d s .  

I t  shou ld  be no ted  t h a t  t h e  v e r t i c a l  v a r i a t i o n  o f  t h e  

s t r e a m f u n c t i o n  and t h e  l o c a t i o n  of t h e  c y c l e  r e l a t i v e  t o  t h e  uoper 

l e v e l  f l o w  a r e  i n  agreement w i t h  t h e  s t r u c t u r e  o f  a tmospher ic  

d i s t u r b a n c e s .  The most s i g n i f i c a n t  d i f f e r e n c e  1  i e s  i n  t h e  s t r e n q t ?  o f  

t h e  l o w - l e v e l  e a s t e r l i e s  on t h e  o u t e r  s i d e  of t h e  h i g h  p ressure  c e l l .  

R i e h l  and Ful  t z  (1957) found e a s t e r l i e s  o v e r  t h e  e n t i r e  bo t tom which 

they r e l a t e d  t o  t h e  p a t t e r n  a t  perhans I ,200 mb i n  t h e  atmosphere. 

;:,fe no>/ cozinute t h e  v e r t i c a l  mo t ion  as a f u r t h e r  check on t h e  analogy 

het i~ ieen 1  ah orator:^ a n h t m o s p h e ~ ;  c  c i  rc!rl a t :  ons . 











CHAPTER V 

VERTICAL MOTION 

Riehl  and Ful t z  (1957) computed the  v e r t i c a l  motions w i t h  the  

assumption o f  conservat ion o f  heat,  i n  t h a t  case, temperature. 

Because the  th ree  waves were steady t h i s  reduced t o  a statement t h a t  

h o r i z o n t a l  and v e r t i c a l  components o f  temperature advect ion must b a l -  

ance. Along i s e n t r o p i  c  ( isothermal  ) sur faces the  h o r i z o n t a l  v e l o c i t y  

components a long the  g rad ien t  o f  t he  Montgomery s t reampoten t ia l  have 

t o  be balanced by v e r t i c a l  motion t o  ma in ta in  t h e  s t a t i o n a r y  isotherm 

p a t t e r n  

I n  t he  present  case the isotherms are  n o t  s t a t i o n a r y  and the  

computation becomes more complex. Furthermore f requent  observat ions 

o f  t h e  temperature must be made t o  determine the  t ime changes. V h i l e  

t h i s  i s  c l e a r l y  poss ib le  from the  A-t ana lys is  o f  t he  temperature a t  

each (r,z), we adopt a procedure i n  which the  t ime change o f  temperature 

i s  n o t  requ i red .  By us ing  t h e  quasi -geostrophic  u equat ion we use 

data a t  o n l y  one time. Here u i s  t he  v e r t i c a l  motion i n  pressure 

coord inates which may be r e l a t e d  t o  v e r t i c a l  motion w i n  h e i g h t  

coordinates by u = -pgw where p i s  t he  dens i ty .  

The d e r i v a t i o n  of the complete u equat ion occurs i n  var ious  

places i n  t he  meteoro logica l  l i t e r a t u r e  and the  reader i s  r e f e r r e d  t o  

Appendix C f o r  t he  d e r i v a t i o n  and o the r  d e t a i l s  as t o  i t s  use i n  t h i s  

ana lys is .  A1 though $ from the  balance equat ion i s  used, on l y  the  

quasi-geos t r o p h i  c  f o r c i n g  terms i n  the  u equat ion are re ta ined.  We 

a l s o  assume a l i n e a r  r e l a t i o n  between the  s p e c i f i c  volume and tempera- 

t u re .  The s t reaafunc t ion  was converted t o  one re1 a t i v e  t o  t he  wave qC by 



s u b t r a c t i n g  the  wave speed i n  Table 1: 

d  D Here u zt-~d CI - dOL which was a l lowed t o  vary even though the  term 
a P 

which would o f f s e t  t h i s  v a r i a t i o n  has been omi t ted  f rom the  r i g h t  s ide .  

Once the  boundary cond i t ions  on w are s p e c i f i e d  , three-dimensi onal 

r e l a x a t i o n  techniques are used w i t h  the  h o r i z o n t a l  g r i d  i n  F igure 7 

a t  e i g h t  equa l l y  spaced l e v e l s  i n  the  v e r t i c a l .  

It i s  c l e a r  t h a t  a t  the  top  and bottom l e v e l s  we may spec i fy  

(,I = 0. The coarseness o f  t h e  v e r t i c a l  spacing ianores the  f r i c t i o n a l  

and, a t  t he  bottom, thermal boundary l aye rs .  Again we use c y c l i c  

boundary condi ti ons on the  r a d i  a1 boundaries, b u t  o t h e r  cons idera t ions  

must be used near the  w a l l s .  P.t t he  w a l l s  u i s  i d e n t i c a l l y  zero, b u t  

t h e  u equat ion does n o t  apply  f o r  the  in tense v e r t i c a l  motions i n  t he  

boundary 1  ayers near the  wa l l s .  

We showed e a r l i e r  (F igure 4) t h a t  t h e  long- term average 

temperature showed a  minimum/maximum as the o u t e r l i n n e r  w a l l s  are 

approached. A t h e o r e t i c a l  ana lys is  by Hunter (1967) o f  t he  boundary 

l aye rs  f o r  the symmetric regime a l so  showed t h i s  double s t r u c t u r e ,  as 

d i d  a  numerical study by 'd i l l i ams (1967). It was thus assumed t h a t  

a t  some p o i n t  j u s t  ou ts ide  of each boundary l a y e r ,  u = 0. However, a  

l a t e r ,  more carefu l  experiment showed t h a t  t h e  maxima and minima 

va r i ed  w i t h  long i tude,  and c a s t  doubt on the  a s s u m ~ t i o n  o f  LC = 0 a t  

each g r i dwo in t  ad jacent  t o  the i n n e r  and ou te r  w a l l s .  

Three main features amear  f o r  each t ime i n  t he  diagrams i n  

Figures 9a-d. These are two maxima of s i n k i n g  ( p o s i t i v e  U) motion and 

one maximum of upward motion. One center  of s i n k i n o  motion i s  l oca ted  



Fig. 9a Ver t i ca l  motion (negative i s  upward) a t  T = 1  
f o r  z = 5 ( top) and 2 cm. Units are i n  m i l l e  
of the equator ia l  r i m  speed. 



F i ? ,  93 Same as F i g .  9a a t  i - 5 
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Fig. 9c Same as Fig.  9a a t  T = 9 





a t  the  p o i n t  where the  j e t  f lows away from the  c o l d  w a l l .  The o t h e r  

two vary i n  p o s i t i o n  b u t  are gene ra l l y  i n  the  reg ion  o f  maximum 

c y c l o n i c  (descent) and a n t i c y c l o n i c  (ascerl t )  curva ture  o f  the  j e t .  

Away f rom the  maximum s i n k i n a  motion near the  c o l d  w a l l  , the  maximum 

v e r t i c a l  motions, and thus the  l e v e l  o f  non-diveraence, occurs near 

mid-depth. M i  t h  t he  d i s t r i b u t i o n  o f  v e r t i c a l  motion w i t h  respec t  

t o  t he  wave, t h i s  leads t o  divergence (convergence) i n  advance ( t o  t h e  

r e a r )  o f  t h e  wave t rough a t  upper l e v e l s .  

Thus the  pa t te rns  o f  convergence and d i  v e r ~ e n c e  , l o c a t i o n s  

of maxima bo th  h o r i z o n t a l l y  and v e r t i c a l l y ,  and magnitudes o f  t h e  

v e r t i c a l  motions are  analogous t o  t he  atmosphere d is turbances . To 

compare numerical  values , we need t o  consider  t h e  d i f f e r e n c e  i n  

v e r t i c a l  and h o r i z o n t a l  scales between atmosphere (1 : 1000) and 

annul us (1 : 3), as i n  Ful t z ,  e t  a1 (1959). A va lue o f  20 m i l  o f  t he  

e q u a t o r i a l  speed near t he  maximum o f  s i n k i n g  a f t e r  d i v i s i o n  by 333 

would correspond t o  an atmospheric value o f  3.0 cm/sec, which i s  perhaps 

on the  low s ide .  

Divergent  p a r t  -- o f  the  v e l o c i t y .  Having computed t h e  v e r t i c a l  

motion, we can use r e l a x a t i o n  techniques t o  compute the  d i ve rgen t  

s t reampoten t ia l  x f rom the  equat ion of c o n t i n u i t y  i n  the  form 

v 2 x  = a0 . From the  d e f i n i t i o n  o f  x t he  a d d i t i o n a l  r a d i a l  and 
a P  

tangen t i a l  components of ve l  o c i  t.y due t o  t h e  d i ve rgen t    art o f  t he  

mot ion are obtained. Averaged over  a  wavelenqth the  vr component does 

n o t  vanish, l ead ing  t o  a  mean mer id iona l  motion. 

To be consis t e n t  w i t h  the  boundary condi t i  ons on U, we f o r c e  

x = 0  a t  t he  f i r s t  g r i d p o i n t  ad jacent  t o  the w a l l s .  This  c l e a r l y  

cannot be t r u e  i n  the  meaq s ince  the  boundary 1  ayers would be i s o l a t e d  



from the  i n t e r i o r .  However we have no i n fo rma t i on  about the  d i ve rsen t  

r a d i a l  component vr alonq the  w a l l  which would be requ i red  t o  s n e c i f y  

a g rad ien t  boundary c o n d i t i o n  on x. 

Since the  divergence i s  smal l  , the  a d d i t i o n a l  corn~onents 

due t o  the  d ivergent  p a r t  o f  t he  v e l o c i t y  are gene ra l l y  l ess  than 1 

m i  1 l e  of t he  equator i  a1 speed. Consequently t h e  o n l y  impor tan t  

r e s u l t  i s  t he  mean mer id iona l  motion. 

Mean mer id iona l  motion. Since i s  evaluated over  two -- aP 
v e r t i c a l  g r id lengths ,  on ly  the  Tr between 1 .n through 6.0 cm cou ld  be 

determined. Having the  sur face values o f  %, the  i n t e n t i o n  was t o  

v e r t i c a l l y  i n t e g r a t e  the  p r o f i l e  t o  determine the  value j u s t  

above the  base s ince  the  mass must be conserved. However t he  surface 

values p r o f i l e s  were sporadic  and cou ld  n o t  be matched w i t h  t he  mean 

v e r t i c a l  motion and the corresponding 7 value a t  6.0 cm. Jus t  as i n  
r 

the  atmosphere t h e  e r r o r s  i n  measuring t h e  v e l o c i t i e s  are o f  t h e  o rde r  

o f  t he  mean mer id iona l  com~onent.  Therefore the  requirement f o r  a 

heat  balance i n  t he  l a y e r  was used t o  determine the  mean mass f l o w  i n  

the  l a y e r  6-7 cm, and thus a l s o  spec if.^ the  f l o w  between 0.1 and 1 

cm. This  c a l c u l a t i o n  i s  discussed i n  Appendix D. 

F igure 10 shows some examples o f  t he  Stokes s t reamfunc t ion  

ui which i s  de f ined  by t h e  r e l a t i o n s  vrr = and i r  = - i n  non- a r  
dimensional u n i t s .  O f  course the  computation does n o t  extend i n t o  t he  

boundary 1 ayers , where the  s t rong  v e r t i c a l  motion i s  i n d i c a t e d  by the  

double arrows. The th ree  c e l l  s t r u c t u r e  of the  f l ow  i s  then ev ident ,  

w i t h  vary ing  i n t e n s i t y  o f  d i r e c t ,  as w e l l  as t he  i n d i r e c t ,  c e l l s .  
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The inflow a l l  along the top and outflow a l l  alona the bottom 

a t  T = 9 i s  ent i rely due to  the assumption of heat balance fo r  the 

derivation of the mass flow in these layers. R u t  since i t  i s  only 

the gradients which enter,  the circulation in the in te r ior  i s  not 

affected by the calculation in the top layer. A 1  though these diagrams 

must be regarded as tentative until  verified by  the attainment of 

heat and energy balances , the nature of the mean meri dional circulation 

with i t s  three cel l  pattern in the in te r ior  i s  established. 



PART R. GENERPL CIRCULATION , ,- , . I  
A f t e r  examinina the  var ious aspects o f  t he  s t r u c t u r e  o f  t 5e  

waves i n  t h e  annulus, we have noted bas i c  s i m i l a r i  t i e s  as w e l l  as 

impor tan t  d i  f ferences . I n  t he  i n t r o d u c t i o n  i t  was noted t h b t  the  

sur face  v e l o c i t i e s  i n  t h e  j e t  were equ i va len t  t o  those o f  a  moderate 

atmospheric j e t  stream i f  both  are scaled i n  terms o f  t he  e q u a t o r i a l  

speeds. I n  subsequent sec t ions  we showed t h a t  when a  complete and 

cons i s ten t  s e t  o f  sca le  parameters ( F u l t z ,  e t  a1 , 1959) was used, 

o t h e r  fea tures  o f  t he  k inemat ic  s t r u c t u r e  computed f rom t h e  balance 

equat ion were a l s o  analogous. A s i g n i f i c a n t  d i f f e r e n c e  was the  

s t r o n g  e a s t e r l y  cur ren ts  a long the  base near bo th  w a l l s .  

The s t rong  thermal boundary l a y e r s  near bo th  w a l l s  , as 

w e l l  as t h e  smal l  temperature g rad ien ts  i n  t he  c e n t r a l  p a r t  o f  t he  

f l u i d  a re  s i g n i f i c a n t  dev ia t i ons  from t h e  b a r o c l i n i c  s t r u c t u r e  o f  t he  

atmosphere. The v e r t i c a l  motion i n  t he  v e r t i c a l  boundary l aye rs  o f  

course has no counterpar t  i n  t he  atmosphere. However t h e  maanitude 

o f  t he  v e r t i c a l  motion i n  t he  i n t e r i o r ,  and the  r e s u l t a n t  pa t te rns  of 

convergence and divergence are q u i t e  analogous. We now t ry  t o  exp la in  

t he  mechanisms by which a  system which i s  g ross l y  s i m i l a r  t o  atmospheric 

waves, can vary i n  p e r i o d i c  manner, and the  i n f l u e n c e  o f  t he  d i s -  

s i m i l a r i t i e s  on these mechanisms. 



CHAPTER V I  

HEAT BALANCE 

One of the requirements which the f luid motion must sa t i s fy  i s  

the transfer of heat from the sources a t  the outer cylinder and a t  

the base. Neither the spat ia l  distribution nor the exact amount of 

heat supplied by each of these sources i s  known, and i n  part  the 

f luid determines th is  heat flow by i t s  very changes in s t ructure.  

Indeed th is  feedback between the flow structure and the heat sources 

i s  no doubt an important feature in explaining the cycle through 

whi ch the flow vaci 1.1 ates . 
Nominal strength of the outer and base sources are 80 and 15 

watts, respectively. As was noted ea r l i e r ,  evaporation occurs in the 

top layer, a cooling of 4.7 watts was estimated from the net loss of 

water over the length of the experiment. Thermocouples in the cold 

source measure the difference between incoming and outgoing water 

and thus the total  amount of heat transferred by the f lu id  motion i s  

computable. 

Introducing the bar operator for  the azimuthal average 

around the en t i re  cylinder, and a prime for  deviations from th is  zonal 

mean, we may write the heat balance equation as 
- - - - - - - 2n/l-$ rdrdz + ZIT/, (vrr+v r T ) rdz + 2n12 (w r + w l r l )  rdr = 2n//Ordrdz 

( 4 )  

using non-dimensional quantit ies T for  temperature and Q for  the ra te  

of heat addition. gere the subscript 2 on the second and third terms 

indicates two vertical and horizontal surfaces are implied in th is  

integration. I t  can be shown that  away from the thermal b0undar.y 

layers, the molecular conduction terms are neglible. In th is  



formulation the roles played by the mean meridional circulation and 

the quasi-geostrophic eddies are d is t inc t .  In the l a t t e r  there i s  no 

net mass flow across the surface, b u t  heat i s  transferred by virtue 

of inf l  owing and outflowing masses having different  temperatures. 

In principle a l l  the terms on the l e f t  in the above equation 

can be computed, a t  l e a s t  down to volume sizes bounded by the grid- 

points in the meridional plane. Away from the boundaries of the f luid 

there i s  no heat source (a considerable simplification from atmospheric 

flows where radiational and 1 atent  heat sources are   resent internal ly)  , 

and the balance on the l e f t  should be achieved. In the volumes 

adjacent t o  the boundaries, the heat addi t i  on/extraction wi 11 be a 

residual. However we shall see tha t  i t  was not possible to carry 

out the l a t t e r  computation since the terms on the l e f t  are not 

suff ic ient ly  well-known as to  give more than a qual i ta t ive estimate 

of heat sources. 

Cycle -- mean heat balance. To i l l  ustrate the unbalance of the 

computed terms on the left-hand side of the heat balance equation, 

we also average each of the terms over the cycle so tha t  the time 

change term goes out. Figure 11 shows the cycle mean heat balance. 

Eddy terms are represented by the right (lower) arrows on the horizontal 

(ver t ica l )  surfaces. Since mass balance i s  enforced, we only l i s t  the 

mean heat transport above a base value represented by the mean mass 

flow through the side times 273.16. That i s  we use mean zonal 

temperatures in Celsius uni t s  rather than Kel vi n .  

Looking f i r s t  a t  the boxes (actually annular rings) in the 

in te r ior  of the f lu id ,  we see that  the unbalance represented by 

numbers enclosed by the smaller boxes i s  consistently positive near 





the cold source and negative near the heat source. The meridional 

circulation i s  arranged in such a way as to  lead to  converaence of 

heat a t  outer radii where the eddies lead to  divergence, and vice 

versa i n  the inner regions. However the unbalance i s  , i n nearly a1 1 

boxes, such tha t  the mean motion contribution i s  insuff ic ient  to 

of fse t  the eddy term. As the eddy term i s  1 i kely to  be quite re l iab le ,  

t h i s  pattern i s  a c lear  indication that  the strength of the meridional 

cell  s i s  strongly underestimated. Since the horizontal and vertical  

mean flows are coupled by mass balance, the heat balance computed i n  

the top layer in Appendix D must also be in e r ror  since i t  u t i l izes  

mean vertical  mass and heat flows based on the computed o a t  6.0 cm. 

In the in te r ior  the mean radial flow was computed from the 

vertical  motions (U equation) using a divergent streampotential. 

F i rs t ,  the main source of e r ror  was 1 i kely t o  be the boundary condition 

on t h i s  streampotential which allowed no flow through r = 0.425 and 

r = 0.975. These are the radii w i t h  the largest  radial mass flows 

since the direct  ce l l s  must transfer the heat away from the heat 

source and to  the cold source as the eddy term tends toward zero. 

Secondly the equation was simplified by omitting the effects  of Ekman 

boundary layers a t  the top and bottom, and especially over the base 

heating r i n g .  These effects acting over relat ively thin layers induce 

verti  cal motions whi ch shoul d have been i ncl uded. 

Although the vertical motion calculation fai led to  sa t i s fy  

the in te r ior  balance requirement, we do wish to  examine the role played 

by eddies and mean motion in accomplishing the heat transfer.  Me 

adopt two approaches: in the f i r s t  we assume that  the calculated 
- 
vr  values are parti a l ly  correct,  and increase the strength of the 

I 



th ree  c e l l s  t o  account f o r  the  v e r t i c a l  l !~ i ~ t e g r a t e d  unbalance Setween 

constant  r a d i i  . 81 1  o f  the  unbalance i s  then olaced i n  an a d d i t i o n a l  

mean mer id iona l  p o t i o n .  I n  t h e  second ve assume t h a t  the  heat  sources 

a t  the  ou te r  w a l l  and the base are  constants g iven  by t h e i r  nominal 

values and compute the heat  t r a n s f e r  a t  the  i n n e r  w a l l .  

Addi ti onal mean meri  d i  onal mot ion. We take  the  i n n e r  

p o s i t i o n  o f  t he  d i r e c t  c e l l  near t he  o u t e r  r i m  hea t  source as be ing  

c o r r e c t l y  g iven by the  computed vr reve rsa l  i n  s ign .  Then s e t t i n g  

the  c o r r e c t i o n  t o  t he  v e r t i c a l l v  i n t e g r a t e d  hea t  t r a n s f e r  t o  be zero 

a t  t h a t  p o s i t i o n  and accumulat ive ly  adding the  unbalances i n  bo th  

d i r e c t i o n s ,  we assure heat  balance. A second requi rement  t o  be met 

i s  t h a t  t h e  cyc le  mean heat  t r a n s f e r  a t  t h e  i n n e r  w a l l  be 90.8 w a t t s .  

Th is  amounts t o  a  constant  o f f s e t  o f  t he  a d d i t i o n a l  mean term and 

does n o t  a f f e c t  i t s  t ime v a r i a t i o n .  It should a l s o  be no ted  t h a t  the  

f i r s t  assumption does n o t  r e q u i r e  s p e c i f i c a t i o n  o f  t h e  base hea t  

source b u t  lumps i t s  va lue i n t o  the  a d d i t i o n a l  mean term. 

F i  gure 12 shows the  r e s u l  ti ng r a d i  a1 d i s t r i b u t i o n  o f  t he  

hea t  t r a n s f e r s .  Whi l e  the  co r rec t i ons  a re  somewhat a r t i  b r a r y  , t h e  

i n w o r t a n t  p o i n t  i n  these diagrams i s  tha.t  the  eddy hea t  t r a n s f o r  i s  

l a r g e  i n  the i n t e r i o r  reg ions and a t  T  = 13 i s  near1.y t w i c e  t he  t c t a l  

hea t  t r a n s f e r .  Independent o f  the p a r t i c u l a r  assumptions ahove, t h i s  

excess heat  t r a n s f e r  must be balanced by an i n d i r e c t  c e l l .  A lso 

ntare. t he  w a l l s  the eddies become l ess  e f f i c i e n t  and the re  must h s  a  

d i r e c t  c e l l  i n  these req ions t o  ma in ta in  halance. I t  i s  c l e a r  t h a t  

t i l e  com~u ted  mean term i s  d e f i c i e n t  bo th  i n  t ? e  d i r e c t  and i n d i r e c t  

reg ions . The addi ti onal mean term makes ur, the  def i cienc\/  t o  i r?s!rrs 

t h a t  the beat  t r a n s f e r  balances. 





As mentioned above the additional mean, and thus the total  

heat t ransfer ,  curves in Figure 12 have included in them the base 

heat source. Even so the total  heat transfer curve i s  not a constant 

since the evaporation and time chanqe in heat storaae have not been 

i ncl uaed. General ly there are nearly offset t ing regions of warmer 

and cooler water which explains the curvature in the total  heat transfer 

curve. 

Riehl and Fultz (1958) also computed an excess of eddy heat 

t ransfer  over the constant source to  sink requirement. This occurred 

in a smal l e r  region near mid-radi us and was balanced by a weaker 

indirect ce l l .  That the eddy heat transfers are so e f f i c i en t  was 

a1 ready suggested by the near vanishing of the zonal temperature 

gradient in the middle of the annulus. With the smaller lapse ra te  

(1 C/cm) i n  th i s  case, a stronger indirect  cell  i s  required to  t ransfer  

the same amount of heat outward needed to balance the excess eddv 

heat transfer.  

To relate  the heat transfer to  the vacillation cycle we look 

a t  the computed inflow and outflow of heat from the f luid.  Fiqure 

13a shows the vertically integrated total  heat transport a t  r = 0.95 

and r = 0.45. These are the computed values without the additional 

mean and without inclusion of the base heat source. The dominant 

 art of the mean comes from the top and bottom layers whose ir 

values are l i s ted  in Appendix D. Two corresponding peaks in the 

outflow of beat a t  0 . 4  are also predicted. Even with the inclusion 

of a base heat source of 15 watts, the eva~orat ion and the time 

changes, heat balance i s  not achieved between the 0.45-0.95 rad i i .  



Total Heat Transfer Through r = 0.45,0.95 

(a)  As Computed 

(b) With Additional Mean Flow 

0 1 1 1 1 1 ~ , ~ ~ ~ 1 1  

1 4 1 6 2 4 6 8 K ) 1 2 1 4 1 6 2 4  
Time (Rotations from WZL) 

(c) With Constant Heat Source 

with t'50.4 

0 l l 1 l 1 l l ' l l l l l  
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Time (Rotation from W Z L )  

Fig.  13 Vertical ly-i ntegrated t o t a l  heat  t r an s f e r  
through r = 0.45 and r = 0.95. Cross- 
hatching indicates times when heat  inflow 
exceeds outf 1 ow. 



I n c l u s i o n  o f  t he  a d d i t i o n a l  mean heat  t r a n s f e r  as i n  F igure  

13b w i l l  s a t i s f y  heat  balance. '5ince t h i s  technique appears t o  p u t  

i n  a l ?  t he  heat  a t  0.95, the d i f fe rence  between the  two curves g ives 

the  n e t  heat  t r a n s f e r .  Th is  d i f f e rence  i s  made up o f  a  constant  

evaporat ion and the  t ime change i n t e g r a t e d  over  t he  volume between 

0.45-0.95. The hatched reg ion  i n d i c a t e s  the t imes when the  mean 

temperature i s  i nc reas ing  s i nce  t h e r e  i s  l ess  hea t  be ing  t r a n s f e r r e d  

o u t  o f  the  volume than i s  be ing  p u t  i n .  Conversely i n  the  developing 

vo r tex  s tage ( T  = 1  t o  5 )  t he  hea t  t r a n s f e r  a t  r = 0.45 exceeds what 

i s  coming i n  a t  r = 0.95. This  agrees w i t h  our  concept ion t h a t  a t  

l e a s t  one f u n c t i o n  o f  t he  vo r tex  s tage i s  t o  inc rease  t h e  heat  

t r a n s f e r .  

Va r i a t i ons  o f  heat  i n p u t  o f  t he  magni tude p r e d i c t e d  i n  

F igure  13b are  u n l i k e l y  s i nce  they represent  dev ia t i ons  o f  up t o  35 

p e r  cent  o f  t he  nominal t o t a l  hea t  i n p u t  o f  95 wa t t s .  As we i n d i c a t e d  

e a r l i e r  these v a r i a t i o n s ,  i f  they  e x i s t ,  cou ld  have been computed i f  

t h e  < would have been c o r r e c t .  However w i t h  unknown, i t  i s  n o t  

poss ib le  t o  t e s t  these v a r i a t i o n s .  One f u r t h e r  i n d i c a t i o n  t h a t  t h i s  

l a r g e  o f  an i n p u t  v a r i a t i o n  i s  n o t  l i k e l y  i s  t h a t  t h e  temperature--  

t ime t r a c e  near t he  heat  source has a  much s m a l l e r  ampl i tude than 

t h a t  near the  c o l d  source. This  would i n d i c a t e  t h a t  heat  s torage 

near t he  heated w a l l  i s  n o t  s u f f i c i e n t  t o  e x p l a i n  v a r i a t i o n s  o f  t h e  

heat  i n f l o w  comparable t o  the  ou t f low.  

Constant - heat sources. I f  we i n t e g r a t e  over  t he  volume o f  

t he  f l u i d ,  t he  i n t e g r a t e d  t ime change of heat  con ten t  must be equal t o  

the  n e t  ex te rna l  hea t i ng  and coo l ing .  Since we s p e c i f y  i n p u t  and 

evaporat ion,  the  knowledge of the  t ime changes leads d i r e c t l y  t o  the  



ou t f l ow  a t  r = 0.45. This  i s  shown i n  F iaure  13c by the  s o l i d  l i n e .  

As be fore  the re  i s  more ou t f l ow  than i n f l o w  i n  t he  vo r tex  stage, 

which i s  being rep len ished over  t he  remainder o f  t he  cyc le.  

For comparison we have entered an est imate o f  t he  ampl i tude 

and phase v a r i a t i o n s  f rom the  observed temperature changes i n  the  c o l d  

source. Because o f  t he  mass o f  water  i n  t he  c o l d  source, t he  a m ~ l i t u d e  

and t ime v a r i a t i o n s  a c t u a l l y  e x i s t i n g  a t  t he  co ld  w a l l  a re  s t r o n g l y  

damped. A1 though the  cyc le  mean hea t  t r a n s f e r  i s  w e l l  known, i t s  

t ime v a r i a t i o n s  are sub jec t  t o  i n t e r p r e t a t i o n .  Various t e s t s  were 

made o f  t he  t ime f o r  an impu ls ive  change a t  t h e  i n n e r  w a l l  t o  be 

noted a t  t h e  thermocouples i n  the  c o l d  source. Then a  g raph ica l  method 

o f  l agq ing  the  observed curve w i t h  a t ime constant  o f  0.4 o f  a  cyc le  

g ives the  curve i n  F igure 13c. While t he  arnpli tudes are comparable, 

t he re  i s  a  phase d i f f e rence .  

Summary --- o f  the  heat  balance. The eddy heat  t r a n s f e r  i s  

extremely e f f i c i e n t  i n  t he  middle o f  t he  f l u i d ,  t r a n s f e r r i n g  more 

heat  than i s  requ i red .  A compensating i n d i r e c t  c e l l  must be s e t  up 

t o  balance t h i s  excess heat  t rans fer .  Since the  mean mer id iona l  

motion computed from the  d ivergent  p a r t  o f  t he  mot ion i s  n o t  i n tense  

enough t o  balance the eddy t rans fer ,  an a d d i t i o n a l  mean t r a n s f e r  i s  

computed. A s t ronge r  mean t rans fe r  i s  requ i red  i n  bo th  o f  t he  d i r e c t  

c e l l  s  and the  i n d i r e c t  c e l l .  

A t ime v a r i a t i o n  of t he  heat  sources i s  suggested by the  

computed mean p l  us eddy t ranspo r t .  However a computati on speci f y i  ng 

constant  heat  sources and evaporat ion leads t o  an es t imate  of the  

heat  ou t f l ow  whose amp1 i tude and phase are nearer  t o  the  observed 

v a r i a t i o n  w i t h  t ime. This does n o t  exclude t ime v a r i a t i o n  i n  the  



heat  sources, h u t  i n d i c a t e s  t he  ampl i tude must be s m a l l e r  than t h a t  

suggested by the  computed mean p lus  eddy t r a n s p o r t .  

As an i n t e a r a l  requirement of the  f l u i d  t o  t r a n s f e r  the  h e a t ,  

the  v a r i a t i o n  w i t h  t ime i s  spec i f i ed  by t h e  t ime changes of hea t  

content .  The heat  con ten t  i s  decreasing du r i ng  the  vo r tex  stage and 

i nc reas ing  du r i ng  t he  remainder o f  the  c y c l e  (see F igure  13c) .  The 

n e t  change i n  hea t  con ten t  i s  t he  sum o f  increases i n  one r e g i o n  be ing  

e i  t h e r  s t ronge r  o r  weaker than the  decreases i n  t h e  remainder o f  the  

f l u i d .  I t  migh t  a l s o  be noted t h a t  the  hea t  t r a n s f e r s  occur  n e a r l y  

un i f o rm ly  w i t h  h e i g h t  a t  any rad ius ,  thus keeping the  s t a b i  1  i t,y o r  

lapse r a t e  n e a r l y  t he  same. 



CHAPTER VII 

AYGULAR MOMENTUM 

A balance of angular momentum showing the internal redis- 

tr ibution of momentum by eddy and mean motions was not successful. 

In part th i s  was due to  the bias in the mean meridional motion, b u t  

was also caused by inaccuracies i n  evaluation of the time change of 

momentum. Compared t o  time changes of temperature o r  heat content, the 

changes in angular momentum are rapid and are not resolved by taking 

centered differences over large intervals ,  in th is  case four rotations. 

Thus we concentrate on estimates of the source/sink a t  each surface. 

A t  the top and bottom surfaces (S)  the torque due to  

fr ic t ional  s t ress  r,, acting a t  radius r may be expressed as 

lo C,v,VrdS. A t  the top we previously used Cg = 0.01 based o n  two 

estimates from Vaisanen's (1961) data, and a t  the bottom a value of 

0.05 was estimated from data on channel flow over a f l a t  surface. 

Because the velocity data did not extend into the wall regions, 

another approach was taken there. I f  the time changes of momentum 

are small within the boundary layers,  the source/sink must be equal to  

the momentum transferred away from/to the wall by the eddy or mean 

motion. And i f  the eddy term i s  small close to the wall , we can use 

the mean meri dional circulation requi red for  heat t ransfer  to  compute 

the momentum transport. The mean zonal velocity values necessary t o  

calculate the momentum transport can be interpolated more accurately 

than the product v e \ l  In fac t  we assume a l inear  decrease from the 

f i r s t  gridpoint a t  which the velocities are known. 

Averaged over the whole cycle the sources and sinks should 

balance, b u t  we see in the sketch a t  the t o p  of Figure 14a that  there 





i s  an unbalance o f  n ine  u n i t s .  This  i s  n o t  bad cons ider ing  t h e  crudeness 

o f  t he  computation, and we ass ign t h e  unbalance t o  t h e  s i n k  a t  t he  

top  by i nc reas ing  CD from 0.01 t o  0.0175. Then i n  t he  lower h a l f  o f  

F igure  14a we compare a t  each t ime t h e  unbalance of source and s i n k  

w i t h  a  smoothed t ime change computed from the  t o t a l  momentum i n t e g r a t e d  

over  t he  volume. The source-sink unbalance va r i es  more r e g u l a r l y  than 

do the  computed changes which, as we noted above, are t h e  d i f f e rences  

between l a r g e  numbers. 

Even though momentum balance i n  the  i n t e r i o r  was n o t  

achieved, t h e  v e r t i c a l  sum o f  the  eddy momentum f l u x  v r ' ve l  versus 

t ime i s  shown i n  F igure  14b. This  d rama t i ca l l y  i l l u s t r a t e s  t h e  

reve rsa l  o f  t he  f l u x ,  changing from t h e  l a r g e  outward f l u x  a t  T  = 1, 3  

and 5  t o  t he  sma l l e r  inward f l u x  a t  the  remain ing t imes. Y i in -N ie lsen  

e t  a1 (1964) show t h a t  no r th  o f  about 50-55' l a t .  t he  eddy f l u x  i s  

southward, b u t  t h e  magnitude i s  smal le r  than t h e  maximum northward 

f l u x  a t  35'. Because o f  t h e  r e l a t i v e  magnitude o f  t h e  j e t  v e l o c i t y  

and the  tendency f o r  outward momentum t r a n s f e r ,  t h i s  experiment would 

seem t o  be more nea r l y  analogous t o  upper middle l a t i t u d e  f lows.  

I n  the  nex t  sec t i on  we use the  eddy momentum f l u x  t o  compute 

the  t rans format ion  between zonal mean and eddy k i n e t i c  energy. The 

reve rsa l  o f  v r ' ve l  then imp l i es  a  reversa l  i n  t h e  d i r e c t i o n  o f  the  

t rans format ion  o f  energy. 



CHAPTER VII I 

ENERGY CYCLE 

A convenient method of summarizing the energy cycle integrated 

over the whole volume i s  the sp l i t t i ng  of the energy quantit ies into 

the i r  zonal and eddy components. Lorenz (1  955) derived express ions 

f o r  these components and the conversions between available potential 

energy and kinetic energy. These expressions, adapted f o r  the 

parti  cul a r  model , serve t o  describe the devel opment of numeri cal 

simulations of the general circulation. A number of studies of the 

energetics of the atmosphere have been carried out to  compare with 

models. We will present here the resul ts  of computations of the 

energetics fo r  the annul us using expressions (derived in Appendix E )  

analogous to  those of Lorenz (1 955). 

We define the zonal and eddy kinetic energies by the relations 

1 
112 V r d r d p  

where ri and ro are the radii of inner and outer walls, the integration 

< > being over the whole mass of f luid.  Also we use ps and pB as the 

pressures a t  the top surface and the bottom. The zonal kinetic 

energy can then be expressed (see Appendix E )  

- - 
where C ( K 1  , K )  = < v r l v e l  + U ' V  I * > a r e a~ 

- - - - - - - - 
C ( P , K )  = - < w  a> and D(T) = <v8FR + vrFr> 



are r e s p e c t i v e l y  t he  conversions between eddy and zonal k i n e t i c  energy 

and between zonal p o t e n t i a l  energy and zonal k i n e t i c  enerqy, a'nd the  

d i s s i p a t i o n  s ince  F i s  t h e  f r i c t i o n a l  f o r c e  pe r  u n i t  mass. Sub t rac t i ng  

t h i s  equat ion from the  t o t a l  k i n e t i c  eneray i n t e g r a t e d  over t h e  mass 

generates the  eddy k i n e t i c  energy equat ion 

st= -c(K '  ,K) + C(P',K1) + D(K' ) where a t  

C(P1 , K ' ) =  - < w l a ' >  and D(K1) = ' F  ' + v ' F  ' >  
0 

Therefore the  conversion o f  eddy t o  zonal k i n e t i c  energy appears i n  

each equat ion b u t  w i t h  an opposi te  s ign.  I n  t he  t o t a l  k i n e t i c  enerqy 

equat ion, i .e. t h e  sum o f  these two equat ions, t h i s  te rm disappears 

s ince  the  advect ion terms disappear upon i n t e g r a t i o n  over  a l l  the  

mass. i 
The expression f o r  zonal a v a i l a b l e  p o t e n t i a l  energy i s  

der ived  as = -c(F,K) + C(P1 ,F) + G(F) (6) I '  
Here we have de f ined  

I 
While the  zonal a v a i l a b l e  p o t e n t i a l  energy depends on the ti 1 t o f  

t he  isotherms i n  the  mer id ional  plane, t he  eddy term P '  depends on 

the  t i lt o f  t he  isotherms i n  east-west plane, t h a t  i s ,  on the  

a l t e r n a t i n g  warn and c o l d  oools of water.  The conversion from eddy 

t o  zonal a v a i l a b l e  n o t e n t i a l  energv conta ins the  ~ r o d u c t  o f  the heat  



transfers and  the respective zonal temperature gradients i n  the 

horizontal and vert ical .  I t  should be noted that  the horizontal heat 

transfer includes both mean and eddy terms, while only the edd,y 

vertical heat transport appears. Generation of ?j- depends on the 

product of the zonal temperature and zonal heating rate  and wi 11 be 

positive i f  the heat i s  added a t  higher temperature t h a n  i t  i s  

taken out. 

Again subtracting the zonal equation from the total  

equation yields the eddy available potential energy equation 

I 
where G ( P 1  ) = < Uk, 

aC 
depends on the correlation of the deviations 

P 
of the heating rate and temperature from the i r  zonal averages. 

Evaluation -- of the energy cycle quantit ies.  Of the eight 

conversion, generati on and dissipation terms, only the four conversions 

can be directly evaluated. For the other terms, the exact distributions 

of heating and fr ic t ion necessary fo r  evaluation are lacking. B u t  

the four unknowns can be determined from the four equations since we 

can determine the remaining terms. From the integrated energy 

quantit ies versus cycle time we can evaluate the terms on the l e f t  

of each equation and we compute the conversion terms. 

Integration over the en t i re  mass was necessary i n  the 

derivation of the equations t o  eliminate advection of energy into the 

volume. Such quantities are d i f f i cu l t  to  evaluate, b u t  we are now 

.required to  determine the conversions within the boundary layers. This 

i s  particularly important for  c(T,lT) since the intense vertical  motions 

in the boundary layers prove to  be the dominant influence. Of  course 



the indirect  cel l  i n  the in t e r io r  works against the d i rec t  ce l l s  a t  the 

walls. To obtain a consistent estimate of w throughout the f lu id ,  a 

simple heat balance model based on 1 inear profiles of vr and 7 w i t h  

height was used. This i s  equivalent t o  Riehl and Ful t z '  (1958) 

calculation of o i n  the in t e r io r  knowing the eddy heat t ransfer  and 

assuming minimum energy i n  the $ profile.  

Because of the inconsistencies i n  the vertical  motion 

calculations, the magni tude of C(P1 ,K1  ) i s  questionable. Another such 

term i s  tha t  dependent on the vertical  heat t ransfer  in C(P1 ,p). In 

the atmosphere th is  term i s  generally taken to  be small, b u t  i t  i s  

relevant in the annulus because of the coup1 ing of the vertical  heat 

t ransfer  w i t h  the vertical  temperature gradient. The horizontal and 

vertical  heat transports act  in the opposite sense, acting down the 

temperature gradient in the horizontal and up the gradient i n  the 

ver t ical .  Integrated over the mass the vertical  term i s  about the 

same magnitude as the part  of the horizontal heat t ransfer  term which 

i s  due to  the mean motion. 

Since we take B*=B* (p) only, we evaluate th is  coefficient 

in the equation of s t a t e  for  the standard profiles of T and a ,  with 

the resu l t  1.8 ( 1 0 - ~ ) < ~ * < 2 . 4  A1 though B* i s  nearly constant, 

the lapse ra te  a varies greatly, including passing through zero in the 

evaporating surface layer. To prevent th is  s ingular i ty ,  a profi le  of 

~ * / o  i s  extrapolated to  the upper surface for  use when data a t  7.0 cm i s  

included. The main effect  of th is  factor i s  to  increase the importance 

of the layer 6 to  7 cm in the weighting before vertical  integration, 

perhaps distorting the actual magni tudes . However our in te res t  here 

i s  t o  determine the trends rather than attempt exact correspondence. 



Energy quantit ies versus cycle - time. The variation which we 

are trying to  explain i s  shown in Figure 15. Of the four energy 

quantit ies the most regularly varying i s  the zonal potential energy, 

which decreases rapidly with the in i t ia t ion  of the vortex stage and 

then steadily grows to i t s  maximum near T = 15. Exhibiting the 

identical phase variation (not - 180' out of phase) i s  the zonal kinetic 

energy. 

The eddy kinetic energy has a maximum in the early vortex 

stage and then decreases strongly before reaching a secondary maximum 

a t  T = 9. We also note the r a t io  of nearly three between eddy kinetic 

and zonal kinetic energy. In the atmosphere there i s  typically equal 

energy in eddy and zonal mean components. 

Almost no variation i s  shown in the eddy potential energy, 

indicating tha t  the east-west t i l t  of the isotherms remains nearly 

constant throughout the growth and decay of the vortex. I t  can be 

shown tha t  the contributions to  the time variation of the other 

three quanti t i e s  from the various 1 ayers are in phase. For the eddy 

potential energy the layers are par t ia l ly  out of phase. Table 2 shows 

the time deviations of the eddy temperature variance fo r  the upper and 

lower layers compared to  tha t  i n  the in te r ior  of the f lu id .  While 

the vertical  displacement of the maximum and minimum are not a prooT 

o f  vertical propagation, which would require computation of the 

advection of energy, the trend i s  suggestive and indicates that  

different  levels may participate in the conversion from P '  to  K '  a t  

different times to maintai n P '  approximately constant. 

The sum of the four energy quant i t ies ,  that  i s ,  the total  

energy o f  t6e f luid i s  no t  a constant b u t  i s  determined by  the external 



Zonal KE 

80 

Fig.  16 Energy f l o w  averaged 
over  t he  cyc le,  upper 
value. Lower two 
numbers a re  the  max- 
imum and minimum 
values , G-Generati on, 
D-Diss ipat ion.  

F ig .  15 K i n e t i c  and a v a i l a b l e  
p o t e n t i a l  energy versus 
c v c l e  t ime. 

Energy Flow Over Complete 
Vacillation 

C 1 0 - ~ l  

Net Generation Averaged Over Cycle 

; 25.33 { ::,;: } 
Net Drss~pation Averaged Over Cycle 

- .25.3.3{.;: :: } 



Table 2 

Time deviations of eddy temperature variance O r 2  

TI 1 ayer 7 + 6 c m  5 t o  1 cm r3.1 cm - 

1 -869 -28 3272 
3 -231 7 1048 3062 
5 - 1 820 6 49 21 53 
7 499 2630 -70 
9 1881 2627 -1642 
11 1 782 3 4 -2971 
13 754 - 31 45 -3642 
15 9 1 -381 7 -166 

forcing.  Visual inspection shows t ha t  the minimum to t a l  energy i s  

reached between T = 15 and 7 when each of the four  quan t i t i e s  i s  

near i t s  m i n i m u m .  The maximum is reached near T = 15 when the zonal 

components a t  t h e i r  maxima dominate over the eddy terms a t  t h e i r  minima 

This variat ion i s  the r e s u l t  of unbalance between generation and 

diss ipat ion of energy which may be estimated from the energy cycle 

equations. 

Energy cycle over a complete vac i l l a t i on .  Over the complete 

vac i l l a t ion  the time change quan t i t i e s  go t o  zero. Thus Figure 16 

indicates the  magnitudes of the energy transformations necessary t o  

have a steady s t a t e  with the cycle mean energies.  Also included i s  the 

maximum and minimum values of each transformation. The overall  mean 

of the generation and diss ipat ion must be equal ,  b u t  the d iss ipat ion 

range i s  s l i g h t l y  1 arger than the  range i n  generation. 

I t  i s  logical t o  begin the discussion w i t h  G(P) s ince ,  as 

in the atmosphere, the heating of the f l u id  a t  warmer temperatures and 

cooling a t  colder temperatures i s  the basic driving force  of the 

c i rcula t ion.  Again following the normal atmospheric cycle,  the 

conversion C ( P '  ,'ir) i s  such as t o  develop thermal gradients in the 



east-west d i r e c t i o n  a t  t he  exPense o f  zonal thermal g rad ien ts .  An 

impor tan t  d i f f e r e n c e  between annulus and atmosphere i s  t he  e x t e n t  t o  

which the  eddy p o t e n t i a l  energy P'  i s  used t o  ma in ta in  t h e  f low.  I n  

the  atmosphere t h i s  energy i s  predominant ly converted t o  eddy k i n e t i c  

energy, a1 though some P '  i s  l o s t ,  main ly  because o f  r a d i a t i o n a l  coo l ing .  

A compensating heat  source which ac ts  t o  increase P '  i s  t he  re lease 

of l a t e n t  heat  i n  t he  warm sec tors  o f  cyclones. I n  t he  annulus the  

base hea t i ng  r i n g ,  al though adding energy t o  t h e  f l u i d ,  does so i n  an 

i n e f f i c i e n t  manner s ince  i t  acts t o  des t roy  Pi. By r e s t r i c t i n g  t h e  

bu i  1  dup o f  east-wes t temperature g rad ien ts  i t  re ta rds  the  development 

o f  s t r o n g  v e r t i c a l  shear, a1 though a t  t he  same t ime tend ing  t o  

decrease the  v e r t i c a l  s  t a b i  1  i t y  (which increases the  poss i  b i  1  i t y  o f  

v e r t i c a l  over tu rn ing) .  I n  t h i s  way the  f l u i d  mainta ins n e a r l y  t he  

same l o c a l  Richardson ' s  number. 

Only a  smal l  amount o f  p o t e n t i a l  energy i s  conver ted t o  K '  . 
and t h e  d i s s i p a t i o n  D(K1) can be l a r g e r  than t h i s  amount o n l y  i f  t h e  

zonal motion d r i ves  the  eddies. This  occurs a t  a l l  t imes except one, 

i n d i c a t e d  by the  -. 23 value, when the  eddies d r i v e  t h e  zonal motion. 

Examination o f  o n l y  t he  sur face photographs would suggest t h a t  the  

d i r e c t i o n  o f  angular  momentum f l u x  was equa l l y  d i v i d e d  between 

inward and outward f lows.  However t he  t r o u g h l i n e  t i 1  t i n  t he  lower 

l e v e l s  c l e a r l y  i nd i ca tes  t h a t  the  f l u x  i s  outward through most o f  

the  cyc le .  The upper l a y e r  v a c i l l a t e s  t o  enhance o r  o f f s e t  the  lower 

f l u x  t o  conver t  t he  c o r r e c t  amount of energy t o  ma in ta in  K '  aga ins t  

d i s s i p a t i o n .  

A more fundamental d i f ference between the  annulus and the 

atmosphere i s  t he  e f f e c t  of t he  i n p u t l o u t p u t  o f  heat  i n  t h i n  boundary 



-- 
l a v e r s .  These i n t e n s e  d i r e c t  c e l l s  c o n v e r t  i n t o  Y a l a r q e  ai'iount of 

qenerated i n  those l a v e r s .  Th is  i s  t o  sowe e x t e n t  o f f s e t  hv  t h e  
- 

i n d i r e c t  c ~ l l  i n  t h e  i n t e r i o r  la~hich tenrls t o  c o n v e r t  t o  p .  G i  \/en 

t h e  accuracy o f  e 5 t i m a t i n q  thr? v e r t i c a l  mo t ion  f r o v  t ' i e  hea t  ba lance 

model, t h e  d i r e c t  c e l l s  dominate. !-lowever t h i s  energv i s  n o t  

necessar i  l y  ava i  1  a b l e  t o  t h e  i n t e r i o r  f 1  u i  d s i n c e  a  1  arqe ~ r o p o r t i  on 

must be used up i n  t h e  same boundary l a y e r s  where i t  i s  ~ e n e r a t e d  

and conver ted  t o  m a i n t a i n  t h e  f l o w  a g a i n s t  d i s s i p a t i o n .  Tbe remainder  

i s  advected i n t o  f l u i d  and i s  used t o  m a i n t a i n  K '  and t h e  i n d i r e c t  

c e l l .  

Time dependent energy c y c l e .  Having ga ined  a  f e e l i n g  f o r  t h e  - 
importance o f  v a r i o u s  terms i n  t h e  mean energy c y c l e ,  we examine t h e  

t i m e  v a r i a t i o n  o f  each energy component equa t ion .  A p i c t o r i a l  

r e p r e s e n t a t i o n  ( F i g u r e  17a and b )  wi  11 be used i n  wh ich  t h e  t i m e  

change t e r m  i s  t h e  sum o f  two convers ion  terms p l u s  t h e  g e n e r a t i o n /  

d i s s i p a t i o n  term. 

Summarizing t h e  energy c y c l e  w i t h  t i m e  we n o t e  t h a t  t h e  ST 

and P '  balances a r e  d i s t i n g u i s h e d  by near  e q u i l i b r i u m  between two l a r q e  

oppos ing terms. I n  t h e  t h i r d  ba lance P has a  sma l l  percentage v a r i a -  

t i o n  s i n c e  t h e  two convers ion  terms a r e  o f f s e t  by t h e  a e n e r a t i o n .  

An ohvious c o r r e l a t i o n  w i t h  t h e  v a c i l l a t i o n  i s  shown by  t h e  K '  ba lance.  

The t i m e  change as a  f u n c t i o n  of t h e  unbalance between t h e  convers ion  

C ( K 1  ,K) and d i s s i p a t i o n  D ( K 1 )  may be seen i n  t h e  t o p  s u r f a c e  photo-  

g r a ~ h s  ( F i g u r e  1  ) .  As we i n d i c a t e d  e a r l i e r ,  t h e  v a r i a t i o n  o f  the  

t o t a l  energv i s  balanced by t h e  sl!m o f  t h e  a e n e r a t i o n  and d i s s i o a t i c , . ,  

terms. The d i s s i p a t i o n  terms exceed t h e  a e n e r a t i o n  i n  t h e  v o r t e x  
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stage, and v i c e  versa from T = 7  t o  T  = 15. A1 though the  i n d i v i d u a l  

terms are complex, t he  t o t a l  energy v a r i a t i o n  i s  i n  phase w i t h  t he  

hea t i ng  curve. 

P f e f f e r  e t  a1 (1967) have suggested t h a t  v a c i l l a t i o n  i s  the 

r e s u l t  o f  an a v a i l a b l e  p o t e n t i a l  energy c y c l e  va ry ing  between 

maximum and minimum r a d i a l  temperature p r o f i l e s .  For a  g iven t o t a l  

zonal energy ( h e l d  constant )  which exceeds a  c r i t i c a l  v a l  ue dependent 

on t he  boundary cond i t ions ,  they a re  ab le  t o  compute t he  maximum and 

minimum p r o f i  1  es. F igure  18a i 11 u s t r a t e s  a  t y p i c a l  d i s t r i b u t i o n .  

For comparison we p l o t  i n  F igure  18b the  temperature 

d i s t r i b u t i o n  near mid-depth a t  the  t ime corresponding t o  maximum 

(T = 15) and minimum ( T  = 7) 7. lde expect  a  sharp decrease i n  P upon 

the  re lease  o f  ba roc l  i n i c  i n s t a b i  1  i t y .  P f e f f e r ' s  theory  p r e d i c t s  t h a t  

the  f l u i d  over  a  wide range o f  r ad ius  ( l a t i t u d e )  p a r t i c i p a t e s  i n  t he  

r e d i s t r i b u t i o n  o f  mass, so t h a t  i n n e r  and o u t e r  reg ions  a re  n e a r l y  

symmetric about t he  midpoint ,  except  the  i n n e r  r e g i o n  has a  l a r g e r  

v a r i a t i o n  (F igure  18a). Th is  p i c t u r e  i s  n o t  conf i rmed i n  t he  p resent  

case. As expected the  r a d i a l  temperature g r a d i e n t  a t  i n n e r  r a d i i  i s  

much l a r g e r  a t  T  = 15 before t he  vo r tex  stage than a t  T  = 7. However 

t he  s i  t u a t i  on i s  j u s t  reversed a t  ou te r  r a d i  i w i t h  t he  l a r g e r  r a d i  a1 

temperature g r a d i e n t  a t  T  = 7. Th is  i n d i c a t e s  t h a t  t he  temperature 

i ~ r o f i  l e  associated w i t h  minimum 7 i s  con t i nu ing  throughout  the  c y c l e  

3nd the  growth o f  t he  v o r t e x  does n o t  make maximum usage of t he  

avai  1  ab le  p o t e n t i  a1 energy. 

Tv~o fea tu res  of the  theory are c l e a r l v  a t  var iance  w i t h  the  

observat ions . F i r s t  t he  endpoints o f  t he  temperature p r o f i l e s  are 

n o t  constant  throughout the  cyc le .  Second i f  the  t o t a l  zonal energy 
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were constant  and changes would be ou t  o f  ~ h a s e .  IJe noted i n  F igure  

15 t h a t  F and iT are i n  phase. V a c i l l a t i o n  cannot be descr ibed as a 

s imple o s c i l l a t i o n  between 7 and forms of energy. 

Comparison w i t h  atmosphere. The most complete i n v e s t i g a t i o n  

of the atmospheric energy q u a n t i t i e s  du r i ng  a  cyc le  which approximates 

t h i s  experiment was t h a t  o f  U ins ton  and Krueger (1961). Temperatures 

a t  700 mb o n l y  and 500 mb geostrophic  winds were u t i l i z e d .  The main 

fea tu re  o f  the  cyc le  was the  s t rong  bu i l dup  o f  zonal a v a i l a b l e  p o t e n t i a l  

energy, fol lowed by a  sharp dec l i ne  and associated increases i n  edd,y 

a v a i l a b l e  and eddy k i n e t i c  energy. Only smal l  changes i n  the  zonal 

k i n e t i c  energy occurred. Some of t he  d i f f e rences  between these 

observat ions and the  r e s u l t s  from the  annulus can be ascr ibed t o  t he  

presence o f  f i v e  i d e n t i c a l  waves i n  the  annulus. I n t e g r a t i o n  over the  

Nor thern Hemisphere northward o f  30' l a t .  inc ludes  waves i n  var ious 

stages o f  development. I n  f a c t  when the  authors examined the  q u a n t i t i e s  

on a  reg iona l  bas is ,  the  events were almost completely dominated by 

developments over Nor th America and v i c i n i t y .  

Q u a l i t a t i v e  comparison o f  t he  two cases shows as good 

agreement as can be expected. O f  course the i n t e n t  o f  t he  l a b o r a t o r y  

experiments i s  t o  i s o l a t e  the  phenomena, b u t  our  computations have 

i n d i c a t e d  t h a t  the  energy cyc le  i s  no t  s i m ~ l e .  I n  hopes o f  c l a r i f y i n q  

these t ransformat ions we w i  11 descr ibe some c a l c u l a t i o n s  us ing the  j e t  

ax i s  as a  reference frame. 

Release - of p o t e n t i a l  energy -- i n  j e t  coord inates.  R ieh l  and 

Ful t z  (1957, 1958) emphasized the d i f f e rence  i n  i n t e r p r e t a t i o n  one 

gains from examining the  v e r t i  ca l  motion and the  energy t ransformat ions 

i n  coordinates a l i gned  alonq the  j e t  ax i s .  For the  steadv wave these 



coordinates are we1 1 -defined, but  i n  the time-dependent problem the 

increased complexity o f  the equations i s  a hindrance. Furthermore w i t h  

the j e t  impinging on both wa l l s  over considerable lengths, the d i f fe rence 

i n  number o f  data po in ts  on e i t h e r  s ide can ser ious ly  d i s t o r t  the com- 

putat ions.  Therefore we perform our computations on a g r i d  placed on 

the inward and outward f lowing branches o f  the surface j e t  w i t h  the 

requirement t h a t  three gr idpo in ts  spaced a t  0.05 u n i t s  are present on 

e i t h e r  s ide o f  the j e t  ax is.  Because o f  curvature these gr idpo in ts  

do no t  always represent equal areas, but  by s tay ing away from the 

wa l l s  t h i s  def ic iency i s  minimized. 

Since the v e r t i c a l  motion p r o f i l e s  i n  the i n t e r i o r  general ly  

have maxima near mid-depth, co r re l a t i on  o f  w and temperature T a t  

z = 4 cm should represent the s ign and t rend i n  the release o f  

po ten t i a l  energy. For t h i s  simple ca lcu la t ion  we average the values 

a t  equal distances from the j e t  axis t o  obtain p r o f i l e s  o f  mean 

v e r t i c a l  motion and temperature a t  seven gr idpo in ts  normal t o  the j e t  

axis f o r  both inward and outward branches. Generally e i g h t  gr idpo in ts  

along the j e t  were i n c l  uded i n  the mean quan t i t i es  [w] and [TI. 
Figure 19a shows the p r o f i l e s  where we have subtracted out  

the mean quan t i t i es  [w] and [;I. Here we introduce the symbol " 

fo r  the average normal t o  the j e t  axis.  The outward branch i s  i n  a 

ne t  s ink ing  region, whereas the inward j e t  i s  i n  a ne t  ascending region. 

The completely d i f f e r e n t  character o f  the two branches i s  shown i n  the 

f i gu re .  A1 though the temperature' gradient  normal t o  the j e t  axis must 

be approximately the same, the pos i t i on  o f  r e l a t i v e  s ink ing  and r i s i n g  

motion i s  such as t o  produce an i n d i r e c t  c e l l  i n  the outward branch 

and a d i r e c t  c e l l  i n  the inward branch. Maximum ascent r e l a t i v e  t o  the 





outward j e t  i s  t o  t h e  l e f t  i n  t h e  c o l d  water,  w i t h  maximum descent near 

t h e  j e t  ax i s  where t h e  temperature d e v i a t i o n  i s  smal l  and o f  va ry ing  

s ign.  By c o n t r a s t  i n  t he  inward branch the  ascent i s  predominately 

t o  t he  r i g h t  o f  t h e  j e t  i n  the  warmer water.  To o b t a i n  a  more 

q u a n t i t a t i v e  i n d i c a t i o n  o f  t h e  re lease o f  p o t e n t i a l  energy it1 t h i s  

coord ina te  system we compute t h e  sum o f  t h e  products o f  these dev ia t ions .  

F igure  19b shows t h e  c o r r e l a t i o n  o f  [w] and [ T I  where the  

u n i t s  a re  a r b i t r a r y .  P o s i t i v e  values i n d i c a t e  ascent o f  warmer water  

o r  re lease o f  p o t e n t i a l  energy. The inward j e t  re leases p o t e n t i a l  

energy a t  a l l  t imes reaching a  pr imary maximum a t  T  = 5 and a  secondary 

maximum a t  T  = 9. This  v a r i a t i o n  depends p r i m a r i l y  on t h e  i n t e n s i t y  

o f  v e r t i c a l  motion r a t h e r  than s h i f t s  i n  p o s i t i o n .  More v a r i a t i o n  

i s  shown i n  t he  outward j e t ,  changing from main ly  b u i l d i n g  up p o t e n t i a l  

energy t o  a  re lease a t  T  = 15 and T  = 1. The minimum value a t  T  = 5  

occurs because o f  t he  secondary j e t  which has wrapped around t h e  

v o r t e x  and appears w i t h i n  t he  g r i d  o f  t h e  main outward j e t .  

For t he  j e t  system t o  ma in ta in  i t s e l f  t he  re lease i n  t he  

inward branch must exceed t b e  energy consumption i n  t he  outward 

branch. This  i s  shown t o  be t r u e  by t h e  t o t a l  curve, except  a t  T = 7 

where the  c o r r e l a t i o n  q u a n t i t i e s  balance. The two j e t s  a re  o f  course 

coupled. From the  p o i n t  o f  view o f  t he  an t icyc lones ,  some o f  t h e  

energy generated on the  wes te r l y  f l a n k  o f  inward moving a i r  i s  expended 

on the  e a s t e r l y  f l a n k  as the  f l o w  banks toward h ighe r  pressure. The 

remainder o f  t he  re leased p o t e n t i a l  energy i s  used t o  ma in ta in  the  

k i n e t i c  energy aqa ins t  f r i c t i o n .  From the  p o i n t  o f  view o f  the  

cyclone, t he  e f f e c t  o f  the  i n d i r e c t  c e l l  o f  t he  outward branch i s  t o  



main ta in  and increase the c o l d  dome i n  the  i n t e r i o r .  Thus t h e  temper- 

a tu re  g r a d i e n t  across t he  inward j e t  can be mainta ined.  

Atmospheric j e t  streams gene ra l l y  have a s i m i l a r  c i r c u l a t i o n  

w i t h  respec t  t o  the  j e t  coord inates.  The opposing tendencies i n  the 

equatorward (outward) and po l  eward ( inward)  branches serve t o  ma in ta in  

and expo r t  the  k i n e t i c  energy o f  the  j e t  stream. Whether the  equator-  

ward branch possesses a d i r e c t  c i r c u l a t i o n  p r i o r  t o  a m p l i f i c a t i o n  o f  

the  j e t  stream i s  n o t  p r e s e n t l y  known. But t he  c a l c u l a t i o n s  f o r  the  

annulus suggest t h a t  the  quasi-balance between the d i r e c t  and i n d i r e c t  

c i r c u l a t i o n s  may be impor tan t  i n  e x p l a i n i n g  the  energy c y c l e  o f  the  

v a c i l l a t i o n .  We now seek a c r i t e r i o n  t o  determine t h e  f a c t o r s  which 

a f f ec t  the quasi -ba l  ance between the  opposing c i  r c u l  a t i ons .  



CHAPTER IX 

POTENTIAL VORTICITY CONS I DERATIONS 

Riehl and Fultz (1957) in the i r  study of the three-wave case 

examined the vorti ci ty changes fo l l  owing geos trophi c re1 a t i  ve stream- 

1 ines on isothermal surfaces. Taking the vorti ci ty variations a t  

upper and lower surfaces together, the water moves toward higher 

vortici  ty eas t  ~f the cyclone a t  low levels and toward lower vortici  ty 

a t  high levels. Qua1 i ta t ively the theorem of conservation of potential 

vortici  ty i s  applicable. A quantitative check was not possible Se- 

cause of the uncertainties in experimental measurements. 

In th is  section we begin with the assumption tha t  conservation 

of potential vort ic i ty  i s  the guiding dynamical principle of the 

in te r ior  flow away from boundaries and diabatic layers. Then we shall 

make use of a theory based on th is  principle to  examine the mechanism 

and cause of the vaci 11 ation. 

We separate the problem into two questions: 1. Given the 

heating and rotation fo r  which vacillation i s  observed to be the 

chosen mode of convection, how does th is  flow maintain i t s  periodic 

nature? 2. Why does vacillation occur when a s l ight ly  different  

rotation with the same heating gives a steady flow regime? In the 

next section we attempt to  show that  the observed characteristics of 

the vaci 11 ation are consistent w i t h  1 i near instabi 1 i ty theory for  

mixed barotropic-baroclinic zonal flows. !de then suggest on th is  basis 

how only small changes in rotation and heating can invoke e i ther  steady 

or  vaci 11 ating flows. 



1 Growth - and decay -- o f  the  JeJ. I n  prev ious sec t ions  we have 

descr i  bedl t h e  energy cyc le  i n t e g r a t e d  over t he  e n t i  r e  f l  u i  d. Regardless 

of which boord inate system one uses, the  a v a i l a b l e  p o t e n t i a l  energy 

changes w ' t h  t ime are a  c h a r a c t e r i s t i c  o f  the  v a c i l l a t i o n .  I t  i s  of i 
owever t h a t  t h e  eddy p o t e n t i a l  energy, o r  azimuthal east -  

o f  t he  isotherms, does n o t  change much over t he  cyc le .  The 

s t r o n g l y  p e r i o d i c  v a r i a t i o n  i n  zonal p o t e n t i a l  energy, o r  

r a d i a l  tib t, may be re1 ated t o  the  hea t i ng  o r  energy i n p u t .  We have 

t e d  t h a t  t he  sudden decrease i n  i s  associated w i t h  

t o f  t he  vo r tex  f low.  We now r e l a t e  these developments t o  an 

i n s t a b i l i k ~  of the  f low.  That i s  we examine the  growth o r  decay o f  

j e t  ve loc l i ty  as the  j e t  s a t i s f i e s  s u f f i c i e n t  cond i t i ons  f o r  s t a b i l i t y  

qr necess r y  cond i t ions  f o r  i n s t a b i l i t y .  la 1 Since the  j e t  i n  the  annulus possesses bo th  h o r i z o n t a l  and 

v e r t i c a l  hears, a  mixed ba ro t rop i  c-barocl  i n i c  t reatment  i s  requ i red .  s 
Several i ves t i ga to rs  (e.g. Charney and Stern,  1962, Pedlosky , 1963, 1 
1964a, 19 4b, Mahlman, 1966) have s tud ied  the  s t a b i l i t y  o f  a  zonal f l o w  i" 
w i t h  both' h o r i z o n t a l  and v e r t i c a l  wind shear. A1 though the  gene ra l l y  

s i n g u l a r ,  nonseparable p a r t i  a1 d i f f e r e n t i a l  equat ion cannot be solved, 

t he  neces'sary cond i t ions  f o r  s t a b i l i t y  can be obta ined by i n t e g r a l  

I With some qua1 i f i  ca t ions  f o r  t he  v e r t i  ca l  boundary cond i t ions  , 

The imp0 t a n t  mod i f i ca t ions  f o r  the annulus are s e t t i n g  the  v a r i a t i o n  i 

the  

surfaces 

necessary 

o f  t he  ~ ( r i o l i s  parameter B equal t o  zero and reo lac ing  the p o t e n t i a l  

non-vanishing o f  the  p o t e n t i a l  v o r t i c i t y  g rad ien t  i n  i s e n t r o p i c  

i s  a  s u f f i c i e n t  cond i t i on  f o r  s t a b i 1 i t . y  and i t s  vanish inq a  

c o n d i t i o n  f o r  i n s t a b i l i t y .  

:n Appendix F we o u t l i n e  the  development o f  t he  above theorem. 



temperature by t h e  temperature. Pecause B does n o t  e n t e r  i n  

annulus case we r e o r i e n t  t he  coord ina te  ax is  a long the  j e t  and 

t h e  above c r i t e r i o n ,  i .e. we look  f o r  a  change i n  s i g n  o f  t h e  

v o r t i c i t y  g rad ien t  across the  j e t  which i s  a  necessary c o n d i t i m  

decay o f  t he  j e t .  I f  t h e  p o t e n t i a l  v o r t i c i t y  g rad ien t  does n o t  

s ign,  t he  s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  i s  s a t i s f i e d  and 

should i n t e n s i f y .  For simp1 i c i  t y  we compute the  p o t e n t i  a1 v o r t i  

a t  t he  midradius i n  a  v e r t i c a l  c ross-sec t ion  through one 
1 

F igures 20a, 21a, and 22a show the  t o t a l  v e l o c i t y  a t  

r ad ius  i n  t he  l aye rs  21-22, 20-21, and 19-20°c. A t  each t ime 

15 t h e  g r i d p o i n t  11 i s  on the  t r o u g h l i n e  a t  t he  top  sur face  so 

approximately separates the  outward f l o w i n g  j e t  on the  l e f t  f r ~ m  

inward f l o w i n g  j e t .  When the  upper l a y e r  (21-220C) extends i n t o  

a b a t i c  l a y e r  (above 6.0 cm), the  isothermal  sur faces become 

and the  computation o f  p o t e n t i a l  v o r t i c i t y  i s  terminated. 

While ou r  i n t e n t  i s  t o  examine the  r e l a t i o n  between 

increase and decrease i n  j e t  speed as a  f u n c t i o n  o f  t h e  i n s t a b i l i t y  

o f  t h e  j e t ,  the  s h i f t  i n  the . je t  ax i s ,  o r  the  sharpness o f  t he  

which charac ter izes  the  v a c i l l a t i o n  i s  q u i t e  ev iden t  i n  the  

p r o f i l e s .  We l a t e r  w i l l  d iscuss t h i s  s h i f t  as a  man i fes ta t i on  

tendency t o  conserve p o t e n t i  a1 v o r t i  c i  t y  , and the "overshoot i  n  

which leads t o  t he  p e r i o d i c  s h i f t  i n  ampl i tude and t i l t  t h a t  i e ;  

t o  be v a c i l l a t i o n .  

Fiqures 20h, 21h, and 22h show the  cnrrespondi nq 

v o r t i c i  t y  p r o f i l e s  i n  the  l ave rs .  l lere we d e f i n ~  the non-dirncisional 
I 

p o t e n t i a l  v o r t i c i  t y  a5 CI - G+-~: where the qeostrophic  r e l a t i v e  D 

v o r t i  c i  t y  '.,, av.'h takcn f ron~  t h e  he iqh t  h f i c l d c  i s  used s incc  

t i e  

apply  

~ o t e n t i a l  

f o r  

change 

the j e t  

c i  ti es 
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Fig.  21a-b Same as Fig.  20a-b f o r  the l a y e r  20-21'~. 
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Rossby number i s  small, 2n i s  the Co r i o l i s  parameter, and D i s  

distance between the isothermal surfaces. D i s  made non-dimen 

by d i v i s i o n  by om since the normal lapse r a t e  i s  1°~/cm. Th 

2n = 2.0 a t  a l l  points,  the q values may be referenced t o  a no 

value o f  2.0. The gr idoo in ts  a t  which 5 changes s ign are i n d  
9 

by the v e r t i c a l  arrows and thus are - near the locat ions o f  the 

Looking a t  the outward j e t  (on l e f t  s ide o f  the d i a  

f i r s t ,  one notes t h a t  the q p r o f i l e s  do change i n  gradient  ac 

j e t  ax is f o r  a la rge  number o f  the times. I n  some cases the 

departures from a gradient  o f  uniform s ign may be ascribed t o  

i n  the f i e l ds ,  o r  the g r i d  scale being la rge w i t h  respect t o  

smal ler  scale features near the j e t  core. Also the matching 

j e t s  across the shear o r  t rough l ine (near p o i n t  11 on the abs 

leads t o  i r r e g u l a r  q values, bu t  t o  apply the l i n e a r  theory f 

"zonal" j e t  i n  t h a t  region would no t  be j u s t i f i a b l e .  

A t  best only the su f f i c iency  p a r t  o f  the c r i t e r i o n  

s t r i c t l y  checked. Consequently we note t h a t  i n  the top (21-2 

l aye r  q i s  essen t i a l l y  increasing from l e f t  (an t i cyc lon ic )  t c  

(cyclonic)  across the outward j e t  f o r  T = 1, 9, 11 , and 13. F 

Figure 20a we note t h a t  the j e t  i s  indeed i n t e n s i f y i n g  a t  thes 

However f o r  the other two layers the j e t  speed changes (see 

21 a, 22a) as i n  the upper 1 ayer but  the corresponding q p r o f i  1 

no t  be c l a s s i f i e d  as s tab le  i n  each case. 

The weakness i n  the theore t i ca l  treatment i s  then 

s ince only the necessary cond i t ion  f o r  i n s t a b i l i t y  (decay) o f  

i s  given. But the strong changes i n  slope o f  the q p r o f i l e s  

*om 

z times. 

Figures 

2s may 

ev-dent, 

.:he j e t  

which 



occur wher 

j e t )  suggest 

extending 

i s  observed, 

consisten1;ly 

The q p r o f i l e  

maximum oT 

the  j e t .  

i r n o u t  a  s u f f i c i e n c y  c o n d i t i o n  f o r  i n s t a b i l i t y ,  d iscuss ion  

the  j e t  i s  observed t o  decay (e.  g. T = 3 f o r  t he  outward 

t h a t  the  concept of p o t e n t i a l  v o r t i c i t y  may be useful  i n  

t he  necessary condi ti on. 

One p a r t i c u l a r l y  i n t e r e s t i n g  example where j e t  i n t e n s i f i c a t i o n  

a1 though the  necessary c o n d i t i o n  f o r  i n s  t a b i  1  i t y  i s  

s a t i s f i e d ,  i s  shown i n  F igure  21 f rom T = 9 through T = 1. 

mainta ins n e a r l y  t he  same shape throughout  w i t h  a  

p o s i t i v e  p o t e n t i a l  v o r t i c i t y  on t he  a n t i c y c l o n i c  s i d e  o f  

This  would imp ly  t he  a n t i c y c l o n i c  v o r t i c i t y  i s  t o o  smal l  

(negat ive  1 

sur faces D 

cont inues 

d e f i n i t i o n  

energy, and 

c o n d i t i o n  

t o  i n t e n s - f y ,  

f o r  

t he  

compared 

It appears 

s t a b l e  

o f  the  i n y a r d  j e t  can be q u i t e  l i m i t e d .  Ile no te  t h a t  l a r g e  v a r i a t i o n s  

, and/or t he  corresponding th ickness  between iso thermal  

too  smal l .  The i n d i r e c t  c i r c u l a t i o n  about t h e  outward j e t  

through most o f  t h i s  t ime per iod .  An i n d i r e c t  c e l l  by 

increases t he  p o t e n t i a l  energy a t  t he  expense o f  k i n e t i c  

i n  a d d i t i o n  the q p r o f i l e  c l e a r l y  s a t i s f i e s  t he  necessary 

f o r  decay o f  t he  j e t  speed, Nevertheless t he  j e t  cont inues 

i l l u s t r a t i n g  again the  need f o r  a  s u f f i c i e n t  c o n d i t i o n  

i n s t a b i l i t y .  The p r o f i l e  w i t h  a  p o s i t i v e  maximum o f  q w e l l  t o  

a n t i c y c l o n i c  s i d e  o f  t he  j e t  ax i s  i s  e v i d e n t l y  s t a b l e ,  a t  l e a s t  

w i t h  T = 3 when the  ax i s  s h i f t s  outward and the  j e t  decays. 

t h a t  t he  degree o f  freedom i n  t he  h o r i z o n t a l  a1 lows f o r  

readjustment  o f  t he  p r o f i l e  u n t i l  t he  j e t  i s  cons t ra ined  by 

i n  q occu 1 across the  j e t  w i t h  the  maximum q  l o c a t e d  on the  c ,yc lon ic  

ce o f  t he  inward j e t  across t he  t r o u g h l i n e .  We w i l l  r e t u r n  

po thes is  o f  s t a b l e  s h i f t i n g  o f  t he  j e t  ax i s  i n  t he  nex t  

sec t ion .  



s i d e  of t h e  j e t  ax i s  on n e a r l y  every p r o f i l e .  Consequently t e ! 
necessary c o n d i t i o n  f o r  i n s t a b i  1  i t y  i s  s a t i s f i e d  f o r  n e a r l y  all1 l e v e l s  

and times. 

One aspect o f  t he  v a c i l l a t i o n  which i s  r e a d i l y  appadent i n  

t he  heat  balance and energy c y c l e  c a l c u l a t i o n s  i s  t he  re-appe 

t h e  inward j , e t  a t  T = 9. This  i s  n o t  i d e n t i f i a b l e  i n  the  s u r  

i so tachs  (F igure 2) and thus was an unexpected fea ture .  But  

appears t h a t  i t  i s  impor tan t  i n  t he  c o n t i n u i t y  o f  t he  v a c i l l a t i o n  

cyc le.  Close examinat ion o f  t h e  inward j e t  q  p r o f i l e s  suggests some 

t ime c o n t i n u i t y  between the  l e v e l s  o f  maxima q on t h e  c y c l o n i c  s i d e  

o f  t h e  ax is .  This  maximum i s  d isp laced upward f rom T = 7 (F igure 22b) 

t o  T = 13 (F igure 20b), associated w i t h  a subsequent decay o f  t h e  j e t  

p r o f i l e  a t  each l e v e l .  I n  an e a r l i e r  s e c t i o n  (Table 2)  We noted 

i n d i c a t i o n s  of upward displacement o f  eddy temperature var iance which 

preceeds t h e  i n t e n s i f i c a t i o n  o f  t he  j e t .  Again t h e  evidence i s  n o t  

concl us i ve  f o r  v e r t i c a l  propagat ion o f  energy (and maximum i n -  

s t a b i l i t y ) ,  b u t  these i n d i c a t i o n s  suggest how t h e  c o n t i n u i t y  o f  t h e  

v a c i l l a t i o n  cyc le  i s  maintained. The mechanism f o r  v e r t i c a l  propa- 

ga t i on  o f  t he  b a r o c l i n i c  energy i s  n o t  suggested, b u t  we no te  t h a t  

t he re  i s  very smal l  v e r t i c a l  shear a t  T = 7 (F igures 20a, 21a, 22a) 

and considerat ions s i m i l a r  t o  those f o r  t he  atmospheric case d I r i n g  

the  equinoxes may be r e l e v a n t  (Charney and Drazin, 1961). 

I n  summary the  theorem app l ies  t o  t h e  ex ten t  t h a t  

i n  j e t  speed are observed when s t a b l e  cond i t ions  are observed. 

However t h e  more general case i s  t h e  f u l f i l l m e n t  o f  t he  necessary 

cond i t ions  f o r  i n s t a b i l i t y  w i t h  e i t h e r  i n t e n s i f i c a t i o n  o r  deca.y 

t he  j e t  speeds be ing  observed. I n  the  outward j e t  a  seemingly 

increases 

of 



unstable z o n ~ i  guration of potenti a1 vorti ci ty remains s table  evidently 

by s h i f t i i g  of the j e t  axis. In the inward ,jet, which nearly always 

f u l f i l l s  the necessary condition fo r  instabi 1 i t y ,  some evidence for  

vertical ~ropagation of the ins tab i l i ty  i s  suggested to  help explain 

the conti ~ u i  ty of the vaci 11 a t i  on. 

'aci 11 a t i  on versus steady s t a t e .  Separate consideration of 

the inwarb and outward je ts  i 11 us t ra tes  the rather different  character 

of the po ent ial  vort ic i ty  profiles.  They are not d i s jo in t ,  b u t  

between t i e  two cross-sections the j e t  interacts  with the outer wall 

and very extensively with the inner wall. One feature of joint  

variation of the je ts  i s  the consistent sharpening of the troughline 

from T = 5 through T = 15. The outward j e t  i s  intensifying throughout 

th is  period while the inward j e t  reaches a maximum a t  T = 11 and then 

decays. And the region of anticyclonic re1 a t i  ve vorti ci ty continues 

to  expand u n t i  1 i t  covers a large part  of the f lu id ,  b u t  with the 

vortex development the area covered by cyclonic re la t ive  vort ic i ty  

dominates. 

Because the Coriol i s  parameter does not vary in the 

annulus, there are only two degrees of freedom associated with con- 

servati on of potenti a1 vorti ci ty , ei  ther re1 a t i  ve vorti ci ty changes 

or variations i n  the thickness D between isothermal layers. Thus we 

regard ccnservation of potenti a1 vorti ci t y  as a balance between vorti c- 

i ty and thermal f ie lds .  For steady waves these f ie lds  are in balance, 

b u t  f o r  vacillation our hypothesis i s  t ha t  the f ie lds  are s l iqht ly 

out of bqlance. This takes the form of overshooting as the j e t  

sh i f t s  

a s table  

pcsi tion to brins the thermal ( D )  and vort ic i ty  (5) f ie lds  into 

configuration. Eventually t h e  troughline becomes very sharp 



and the configuration i s  unstable w i t h  respect t o  the theorem 

previous section. The kinetic energy of the zonal motion i s  . 

being fed into eddy motion as the vortex develops. 

i n  I We may write the re1 ative vortici  ty r: = - - 
Rs 

coordinates a1 i gned along the vel oci ty vector wi t h  magni tude ' 

the radius of curvature RS i s  defined negative for  anticvclon, 

curvature and n i s  the normal coordinate positive to  the l e f t  

the tendency for  conservation of potential vort ic i ty  on the a1 

cyclonic side of the je t .  In the outward branch the j e t  i s  s .  

thus V i s  increasing. Suppose the D f i e ld  w i t h  respect t o  thc 

varies very 1 i t t l e  as V increases, then to  conserve q the re1 
a v vort ic i ty  i must remain constant. Since i s  positive and i~ 

there must be a decrease i n  the curvature vortici  t y ,  requirinl 

increase i n  Rs.  This would tend to  force the j e t  to  expand 

colder water, i .e. toward larger val ues of D on the cycl oni c I 

the axis. For the j e t  t o  be in equilibrium th is  tendency to  c 

should be i n  balance w i t h  an increase of D i n  the colder wate 

i s  the thermal and velocity f ie lds  must be i n  adjustment, fo  

j e t  cannot ex i s t  w i  thout the concentrated hori zontal temperati 

f ie ld .  Now as the anticyclonic j e t  expands and sharpens the 

from T = 5 to  15 the temperature f ie ld  t r i e s  to maintain i t s  I 

equilibrium with the velocity. While continuing to  t ransfer  I 

inward by virtue of the kinematic and thermal s t ructure,  the 

of t ransfer  can and does vary. Because the horizontal and ve 

temperature gradients are proportional i n  the annulus, the ad 

for  increasing horizontal heat transfer sh i f t s  the lame rate 

Consequently D can come into balance. The general requiremen 

of the 
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conservat  on o f  p o t e n t i  a1 v o r t i  c i t y  r e f l e c t s  the  balance between I 
v o r t i  c i  t y  ( o r  momentum) and hea t  t r a n s p o r t  requirements . Tn the  

case of v  a c i l l a t i o n  the  v a r i a t i o n  i n  the  area o f  a n t i c y c l o n i c  en: 

o r t i c i  t y  i s  i n t e r p r e t a t e d  as an overshoot ing as t he  oal-'" ," 2s 

u t  do n o t  achieve, conserva t ion  o f  p o t e n t i a l  v o r t i c i  t v .  

t he  s h i f t i n g  o f  the  j e t  ax i s  creates a  very sharp t r o u g h t i n e  

i 1 i t y  occurs.  

o  r e l a t e  the  p o t e n t i a l  v o r t i c i  t y  t o  t he  ques t ion  o f  

v a c i l  l a t i  n  versus steady waves we r e t u r n  t o  a more p r e c i s e  express ion 13 
f o r  t he  i Q e n t r o p i c  coord inates.  Using t he  temperature T r a t h e r  than 

the  po ten / t ia l  temperature f o r  atmospheric case, we w r i t e  

1; + f  - = constant  q =  3 
a T 

where ap i s  t h e  pressure increment between iso thermal  sur faces.  Now 

us ing  Fu'i t z '  (1959) n o t a t i o n  f o r  t he  non-dimensional ( s t a r r e d )  

va r i ab les  , we o b t a i n  

where brT/ i s  t h e  impressed r a d i a l  temperature g rad ien t  due t o  the  

heat ing .  -he c o e f f i c i e n t  r equ i  r e d  t o  make the  p o t e n t i  a1 v c r t i  c i  t y  

non-dimedsional i nvo l ves  bo th  t h e  hea t i ng  and the  r o t a t i o n  and i s  

e .~ua l  t o  a  cons tan t  t imes noRo~ where Ro-r i s  the  thermal Rossby 

n u n ' ~ e r  d  f i n e d  i n  the  i n t r o d u c t i o n .  We emphasize t h a t  t h e  p o t e ~ t . i d 1  

vorii c i  t I i s  expl  i c i t y  re1 a ted  t o  the  parameters which determine f . ~ ?  

f low regi/me which e x i s t s  i n  t h e  annulus. And i n  a  d i f f e r e n t  way ;*!!c 

see t h a t  conserva t ion  of p o t e n t i a l  v o r t i c i  t y  i s  a  balance between heat  



and momentum requirements. We suggested above t h a t  vac i  11 a t i o  

charac ter ized  as a  quas i -s tab le  osc i  1  l a t i o n  about equi  1  i b r i  um 

v o r t i c i t y  s ta tes .  The hea t i ng  and r o t a t i o n  which r e s u l t s  i n  s  

e q u i l i b r i u m  s t a t e  i s  then a  steady wave regime. Since Eady's 

c l i n i c  s t a b i l i t y  c r i t e r i o n  may be shown (Hide, 1966) t o  be app 

t o  t h e  annulus, t h e  wave number o f  maximum i n s t a b i l i t y  can be 

Eady's parameter main ly  depends on the  produc t  o f  t he  lapse r a  

t he  r o t a t i o n  ( n o t  a t  a l l  on the  v e r t i c a l  shear), so t h a t  a  g i v  

va lue of q  corresponds t o  a  p a r t i c u l a r  dominant wave number. 

changes i n  hea t i ng  (changing the  lapse r a t e )  and r o t a t i o n  l ead  

d i s c r e t e  changes i n  wave number as represented by the    lot o f  

versus no (Fu l t z ,  e t  a l ,  1959, Fu l t z ,  1964). 

Suppose we s t a r t  f rom cond i t ions  which t y p i f y  a  s t €  

and change the  r o t a t i o n  s l i g h t l y ,  b u t  n o t  enough t o  r e q u i r e  a 

I may be 

l o t e n t i  a1 

~ c h  an 

laro- 

i cable 

l red i  cted. 

:e and 

In 

l i  sc re te  

t o  

'0T 

y regime, 

d i f f e r e n t  wave number. A number o f  authors (e. g. Kuo, 1956) h  ve a 
shown t h a t  the  e f f e c t s  o f  r o t a t i o n  and s t a b l e  s t r a t i f i c a t i o n  w r k  i n  P 
d i f f e r e n t  d i r e c t i o n s  t o  i n h i b i t  t he  motion. The motion must d crease 

i t s  h o r i z o n t a l  sca le  and increase i t s  v e r t i c a l  sca le  a t  h i g h e r  ra tes  t 
o f  r o t a t i o n  i f  the  s t a t i c  s t a b i l i t y  i s  t o  remain the  same. 1f 1 t he  

number o f  waves around the  annulus i s  n o t  t o  change, and the  w ves a 
extend from w a l l  t o  w a l l  as they do i n  the  vac i  1  l a t i o n  case, t en an ! 
increase i n  r o t a t i o n  w i l l  reau i  r e  a  decrease i n  s t a t i c  s t a b i l i t y  o r  

lapse r a t e ,  which means an increase i n  D. 

For almost the  same heat ing  r a t e  a  maximum v e l o c i  t,y ,I the  

j e t  o f  1  cm/sec was observed f o r  the  symmetric, three-k,ave and 

present  case. Taking t h i s  as the  l i m i t i n g  v e l o c i t y  Vmax f o r  tl 

hea t i ng  r a t e  \\re may presume t h a t  if the  maximum shears are l i m - t e d  

the  

i s  
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l a r  process the  maxiinurn re1  a t i  ve v o r t i  c i  t y  w i  11 be propor- 

"max where L i s  the  wavelength. Again t he  v o r t i c i  t y  i s  - 
L 

la1  t o  no s ince  L i s  i n v e r s e l y  p ropo r t i ona l  t o  n. Because 

l t o r  o f  t h e  p o t e n t i a l  v o r t i c i  t y  depends on no w h i l e  t he  

3 r  depends on f iO2 ,  t he re  e x i s t s  t h e  p o s s i b i l i t y  t h a t  o n l y  

iges i n  no w i t h  t he  same hea t i ng  r a t e  w i l l  r e s u l t  i n  over- 

as t h e  f l o w  tends t o  conserve i t s  p o t e n t i a l  v o r t i c i  t y .  As 

ues t o  increase l a r g e r  wave numbers w i  11 develop and con- 

l a r g e r  r e l a t i v e  v o r t i c i t i e s .  Even so t h e  adjustments i n  D 

t u a l l y  dominate and an i r r e g u l a r  wave regime w i l l  be the  on l y  

flow. 



CHAPTER X 

CONCLUSION: ANNULUS --ATMOSPHERE ANALOGUE 

S t ruc tu re  --- o f  t h e  flow. I t  i s  s u r p r i s i n g  how nea r l y  i m i l a r  

t he  annulus f l o w  i s  t o  atmospheric cyclone waves cons ider ing  t h a t  

dynamic s i m i l i t u d e  i s  v i o l a t e d  i n  many respects.  Previous models, 

i n c l u d i n g  numerical  models, have shown t h a t  r e l a t i v e l y  crude assumptions 

s t i l l  produce f lows analogous t o  those i n  t he  atmosphere. Ev iden t l y  

t he  requirement t h a t  a r o t a t i n g ,  s t r a t i f i e d  f l u i d  t r a n s f e r  a g-ven 

amount o f  heat  i s  bes t  accompl i shed  by quas i -hor izon ta l  convec';ion 

of t h e  type observed i n  t h e  atmosphere. While momentum must be con- 

served, t h i s  c o n s t r a i n t  e v i d e n t l y  i s  subserv ien t  t o  the  heat  t r a n s f e r  

requ i  remen t. 

Among t h e  f l ow  fea tures  which we have checked f o r  s I I  

wi  t h  atmospheri c waves are the  temperature, s t reamfunc t i  on and 

motion. I n  the  mer id iona l  cross-sect ion,  we noted t h a t  t he  f l i  

nea r l y  b a r o t r o p i c  over t h e  base hea t i ng  r i n g ,  w i t h  concent ra t i cn  

the  h o r i z o n t a l  temperature g rad ien ts  near the  w a l l s ,  r a t h e r  thcn 

the  "middle l a t i t u d e s "  as i n  t h e  atmosphere. Smal ler  h o r i z o n t ~  

temperature g rad ien ts  are observed i n  t he  upper l e v e l s  o f  t he  

compared w i t h  those below the  atmospheric j e t  stream. However 

v e r t i c a l  s t r u c t u r e  of t he  temperature f i e l d  i s  analogous s ince  

ax i s  o f  co ld  water  ti 1 t s  forward w i t h  he igh t .  Because h y d r o s t a t i c  

balance holds, the  v e r t i c a l  tilt o f  the  s t reamfunct ion f i e l d  

as i n  t h e  atmospheric case. Consequently t he  low- leve l  cyclone 

l oca ted  under t he  i n f l e c t i o n  p o i n t  o f  the  upper l e v e l  j e t .  

analyses, such as Eady (1949), have shown t h a t  t h i s  v a r i a t i o n  

temperature and streamfunct ion i s  necessary t o  t r a n s f e r  heat  
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t he  ma I r i  -equi rement of t he  f low.  To prov ide  the  energy t o  ma in ta in  

the  f low ixgainst f r i c t i o n  the  v e r t i c a l  motion must be such as t o  l i f t  

warmer water  re1 a t i  ve t o  s i n k i n g  co lde r  water.  The computed v e r t i  c a l  

motions i n  the  annulus accomplish t h i s  w i t h  pa t te rns  analogous t o  those 

,iri the  atnosphere, o t h e r  than the  maximum o f  s i n k i n g  mot ion as the  

water  comes away from the  c o l d  source. Pat te rns  o f  convergence- 

aivergenc r e l a t i v e  t o  the  wave are as i n  the  atmosphere. We were 

thus enco I raged t o  examine the  mechanism by which the  annul us f l o w  

repeats i h  p e r i o d i c  manner, t o  ob ta in  c lues f o r  s i m i l a r  atmospheric 

behavior ,  

t r r e c t s  of annulus geometry on the  f l o w  mechanisms. One 

aspect o f  the  annulus f l ow  which has been emphasized i s  t h e  coup l i ng  

o f  the  b o ~ n d a r y  l aye rs  w i t h  t h e  i n t e r i o r  f l ow .  Since the  energy and 

momentum sources are separated from the  i n t e r i o r  by boundary l aye rs ,  

what i s  made a v a i l a b l e  t o  t he  i n t e r i o r  i s  r e l a t e d  t o  t he  t ime changes 

i n  the  boundary layers .  For a  d iagnos t i c  s tudy such as 

we r e q u i r e  s u f f i c i e n t  data a t  p o i n t s  near and i n  t he  boundary 

de f i ne  the  l a r g e  gradients o f  t he  va r i ab les ,  p a r t i c u l a r l y  

s t ruc tu re .  This  data cannot be taken s imul taneously  

e  phys ica l  presence o f  t he  present  measuring devices d i s rup ts  

the f l ow  

hnalogous 

i n  t he  

var ious 

i s 0 1  a te  

sjdy-ces 

I 

i i nce  i t  i s  on ly  the i n t e r n a l  f l o w  s t r u c t u r e  which i s  

t o  the  atmospheric disturbances, we are main ly  i n t e r e s t e d  

manner i n  which the  f l u i d  ad jus ts  i t s e l f  t o  accomplish the  

t ranspo r t s  requ i red  o f  i t .  To t h a t  end we have attempted ta 

the  coup l ing  w i t h  the  boundary layers ,  t a c i t l y  assuminq t h i t  

and s inks pass i ve l y  p rov ide  o r  a c c e ~ t  the  requ i red  energy. 



However t h e  i n a b i l i t y  o f  t he  f l u i d  t o  t r a n s f e r  t he  heat  betwee 

w a l l s  w i t h  a  s t a b l e  momentum c o n f i g u r a t i o n  f o r  t h i s  r o t a t i o n  r 

precludes complete decoupl ing. A very i n tense  produc t ion  of z  

k i n e t i c  energy i n  t he  v e r t i c a l  boundary l a y e r s  i s  main ly  o f f s e  
, 

the  d i s s i p a t i o n  i n  t he  same layers .  Some o f  t h i s  zonal k i n e t i  

energy i s  necessary t o  ma in ta in  the  i n t e r i o r  f low,  s ince  there  

a conversion o f  zonal t o  eddy k i n e t i c  energy, which i s  i n  con t  

t o  t he  atmosphere. By changing the  temperature lapse r a t e  and 

zonal wind p r o f i l e  near t he  wa l l s ,  t he  momentum source o r  s i n k  

w e l l  as the  a v a i l a b l e  p o t e n t i a l  energy generated by the  h e a t i n  

c o o l i n g  are a f f ec ted .  

I n  addi ti on t o  t he  ex is tence o f  t he  thermal boundary 

a t  t h e  v e r t i c a l  wa l l s ,  t he  requirement t h a t  a l l  the  heat  be tr 

from w a l l  t o  w a l l  i s  a  more s t r i n g e n t  requirement than f o r  atml 

waves. This  i s  p a r t i a l l y  mod i f i ed  by the  base hea t i ng  r i n g  s i  

p o r t i o n  o f  t he  heat  comes i n  c l o s e r  t o  the  c o l d  source. Never 

an impor tan t  f ea tu re  o f  the  v a c i l l a t i o n  i s  t he  extreme e f f i c i e  

the  eddy motions i n  t r a n s f e r r i n g  heat.  A s t rong  i n d i r e c t  c e l l  

r equ i red  t o  compensate f o r  t he  "excess" heat  t r a n s f e r  by the  e  

I t  i s  main ly  the  requirement of nea r l y  constant  r a d i  

t r a n s p o r t  which requ i res  w a l l  - to-wal 1  amp1 i tude o f  t he  waves a  

t h e i r  dynamic character .  I n  t h e  r a d i a l  d i r e c t i o n  the  h o r i z o n t  

sca le  i s  forced, and on l y  the  wavelength i s  ad jus tab le  f o r  d i f  

r o t a t i o n  and hea t i ng  ra tes .  This may no t  be e n t i r e l y  t r u e  i n  

steady three-wave case, where the  sur face j e t  does n o t  c l o s e l y  

the  ou te r  w a l l .  Furthermore the  excess o f  eddy heat  t r a n s f e r  

requ i red  heat  t r ans fe r  i s  much s v a l l e r  i n  the  three-wave case. 
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similar o the atmosphere. B u t  we have shown that  a t  the lower layers I 

I 

suggests 

wall i s  

The eddies 

over a veey 

amplitude 

related t 3  

that  the 

that a t  the lower rotation rates the direct  cell  a t  the outer 

effective in tra.nsferrinq the heat over a greater radial distance. 

are not required to  transport an excessive amount of heat 

large fraction of the radial interval gap, and thus the 

of the surface j e t  i s  not wall-to-wall. 

An interesting feature of the three-wave case, which may be 

the smaller amplitude of the surface j e t ,  i s  the observation 

outer wall did not strongly participate in the momentum 

balance. 

wall suggests 

different  

to  the 

has several 

decreases 

eddy avai 

stabi 1 i ty. 

gradient 

near the 

bottom. 

This 

the 

Because 

larger 

region. 

one would 

n the present case the impinging of the je t s  on the outer 

tha t  some angular momentum i s  l o s t  t o  the wall. A 

arrangement of source and sink a t  the walls must be related 

o t i e r  surfaces, particularly the base. 

I t  has already been pointed out that  the base heating ring 

important effects  on the thermal structure.  F i rs t  i t  

the eas t-wes t temperature gradi ents and thereby destroys 

lable potenti a1 energy. Secondly i t  decreases the vertical  

I t  also serves t o  concentrate the horizontal temperature 

near the walls. The largest vertical  shear i s  then located 

walls , correspondina t o  the strong eas ter l ies  near the 

However over the base ring the zonal motion i s  s t i  11 westerly. 

momentum sourcelsink arra~gement broadly corresponds to that  i n  

atmosphere a1 though the magnitudes are somewhat different .  

the easter l ies  near the outer wall are stronger and a t  a 

torque arm, th is  should be the major angular momentum source 

Then since the predominant sink appears to be the inner wall ,  

have expected net inward momentum flux,  an arrangement 



t he  trough1 i n e  ti 1 t s  northwest-southeast over  t he  e n t i  r e  cyc le,  

n e t  outward eddy momentum f 1 ux occurs. The mean meri  d i  onal 

accomplishes very l i t t l e  n e t  t r a n s p o r t  s i nce  the re  i s  almost no 

v e r t i c a l  shear over t he  base heat  source. As a r e s u l t  o f  t h i s  

inaccurac ies i n  t h e  t ime change term, t h e  momentum balance was 

successfu l  l y  resolved.  

An e f f e c t  which has n o t  been t r e a t e d  q u a l i t a t i v e l y  i s  

presence o f  t he  evaporat ing l a y e r  a t  t he  top  sur face.  O f  what 

por tance t h i s  unstable l a y e r  i s  compared t o  t h e  s t a b l e  s t r a t o s p i e r e  

above t h e  tropopause i s  n o t  known. 

The v a r i a t i o n  o f  t he  C o r i o l i s  parameter, o r  t h e  6 

i s  one o f  t h e  most impor tan t  o f  t h e  atmospheric e f f e c t s  which i s  

i n  t h e  annul us. Since Rossby (1939) showed t h a t  n e u t r a l  b a r o t r o p i c  

waves on the  a p lane have wavelengths comparable t o  those o f  t he  

waves i n  t he  atmosphere, much importance has been at tached t o  

e f f e c t .  We have a l ready noted t h a t  t he  s t a b i l i t y  o f  t h e  zonal 

thus 

c i r c u l a t i o n  

and 

l o t  

t he  

im- 

e f f ~ ? c t ,  

m iss ing  

long  

t ~ i s  

j e t  i s  

dependent on the  northward g rad ien t  o f  p o t e n t i a l  v o r t i c i  t y  on a i  

i s e n t r o p i c  surface, and thus inc ludes  B .  I n  t he  present  case w? 

shown t h a t  a p p l i c a t i o n  o f  t h i s  c r i t e r i o n  t o  t h e  branches o f  t h e  

agreed f a i r l y  w e l l  w i t h  subsequent growth. When the  j e t  was 

have 

j e t  

s t 3 b l e  

t he  v o r t i c i t y  and thermal f i e l d s  were i n  balance. For t h e  

the  6 e f f e c t  i s  an a d d i t i o n a l  s t a b i l i z i n g  f a c t o r ,  a t  l e a s t  f o r  

j e t s ,  i n d i c a t i n g  the  atmospheric f lows may become more o u t  of 

balance than the  annulus j e t  before becoming unstable. Thus i n  

atmosphere much s t ronger  cyc lon i c  and a n t i c y c l o n i c  shears occur 

the  j e t  ax is .  It i s  impor tan t  t o  emphasize t h a t  t h i s  i s  on l y  a 

necessary c o n d i t i o n  f o r  i n s t a b i l i t y .  However when t h e  s u f f i c i e i t  

atmosphere 

:zonal 

the  

near 



I 

c o n d i t i o n  

cyclone evelopment i n  t he  atmosphere. 4 
\ secondary e f f e c t  of a i s  t he  tendency f o r  northward propa- 

ga t i on  o cyclones i n  the  atmosphere. Even i f  such an e f f e c t  were 

inc luded i n  t he  annulus ( F u l t z  and Kaylor ,  1959) the  presence o f  t h e  f 

9 7 

f o r  i n s t a b i l i t y  i s  reached, a t  l e a s t  the  p o s s i b i l i t y  f o r  

s t ronge r  

This  may 

i n n e r  w a l l  s t i l l  cons t ra ins  t he  mot ion more than i n  t he  atmosphere. 

This  a l s  assures t h a t  t h e  same d is turbance i s  a v a i l a b l e  i n  t h e  

annulus r subsequent i n t e n s i f i c a t i o n  i n  t he  nex t  c y c l e  o f  t h e  

v a c i l l a t i  ! n. 

l r g u i n g  from the  analogy w i t h  t h e  annulus, one would look  

ions  i n  the  atmosphere which have somewhat t h e  same 

Flow i n  t h e  upper middle l a t i t u d e s  i s  i n d i c a t e d  by the  

readjustment e x i s t s  i n  the  atmosphere than i n  t h e  annulus. 

be another f a c t o r  i n  p revent ing  the  occurrence o f  p e r i o d i c  

l u x  c h a r a c t e r i s t i c s .  The sma l l e r  heat  t r a n s p o r t  requirements 

r g e r  v e r t i c a l  component o f  t he  e a r t h ' s  r o t a t i o n  a t  h ighe r  

l a t i t u d e s  are i n  agreement w i t h  general experimental  cond i t i ons .  

~ e r t a i n l ~ l  t he  analogy w i t h  t r a v e l i n g  cyclones and an t icyc lones  and 

the  associated p o l a r  f r o n t  j e t  would be b e t t e r  than f o r  cond i t ions  

dominated by a s t rong  quasi -s t a t i o n a r y  sub t rop i  ca1 j e t .  

Carry ing t h e  analogy f u r t h e r  one would l ook  f o r  more baro- 

t r o p i c  i n  e n s i f i c a t i o n  of the  j e t  s i m i l a r  t o  t h e  model o f  Kuo (1951). f 
I n  t h a t  m del  t he  energy f o r  i n t e n s i f i c a t i o n  was added from a baro- 

c l  i n i  c 1 a er  be1 ow du r i ng  dormant p e r i  ods , and the  subsequent r e d i  s t r i  - 
but-lon o f  1 energy i n  the  form of an index cyc le  was p r e d i c t e d  from 

barOtrOpi f i n s t a b i l i t y .  I n  t h e  experiment t he  energy i s  added almost 

cons t a n t l  and the  r e d i s t r i b u t i o n  i s  determined by a m i  xed baroc l  i n i  c- I 



barotropi c instabi 1 i ty.  The annul us geometry acts i n  various b 

constrain the model to  make i t  periodic. An investigation of i 

atmospheri c index cycl e occurring in the regions mentioned abol 

necessary to  indicate whether the mechanisms which a1 low perioc 

motion i n  the annulus are operating i n  the atmosphere. A t  lowc 

t ransfer  requi rements the devel opment due to  barocl i n i  c ins tab 

w i t h  i t s  vorti ci ty transport requirements could lead to  oversh~ 

which i s  s t i l l  stable.  Consideration of the potential vortici  

i sentropi c surfaces and the further investigation of suff i cien 

conditions fo r  ins tab i l i ty  i n  the atmospheric case are requirec 

complete the annul us-atmosphere analogue. 

ys t o  

i s  

C 

b heat 

i ty 

~ t i n g  
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APPENDIX A 
I ,- 

PROCESSING OF TEMPERATURE DATA 

Longi tude-cycle - time measurements. A thermocou~l e  laced a t  

a particular radius and height will t race out the temperature profi l e  

as the waves move eastward relat ive to  the annulus. Each rotation 

the temperature i s  read and a photograph taken so tha t  the thermocouple 

can be located relat ive to  wave-zero longitude (WZL). The sequence of 

photographs through the vacillation cycle also defines the cycle time 

a t  each rotation and temperature measurement. I n  the sketch l e t  th i s  

temperature be a t  point A on the longitude ( A ) -  0 

cycle time ( t ) .  Since the wave moves to  the 

eas t ,  the next temperature measurement a t  

point B will be nearer t o  the wave zero 

longitude ( h = O )  a t  the new cycle time. As h 0 

the thermocouple passes into the next wave a t  point C,  the ser ies  of 

points continues from the r ight  side of the diagram. As one vacillation 

cycle i s  completed, the cycle time repeats a t  point D. Over a complete 

modulation the data points will return to  a point near A and eventually 

will cover the A - t  f i e ld .  Then fo r  the particular radius r and height 

z of the thermocouple, the temperature f i e ld  i s  completely specified. 

For the majority of ( A ,  t )  diagrams three thermocouples spaced 

a wavelength apart were a l l  located a t  the same radius and height. For 

each thermocouple the temperature, A ,  and t values were individually 

determined, and then the average value was used. Generally two complete 

modulations were used to more completely f i l l  the data plane. Table 3 

shows the points i n  the meridional cross-section f o r  which A-t diagrams 

were constructed. Then the data a t  time ti correspondina to  a surface 



photograph was picked off and plotted as a horizontal map using a l l  A-; 

diagrams a t  a given height. The crosses in the table indicate the 

number of radii a t  that  height f o r  which data were available fo r  

analysis. The intermediate points were read from the analyzei is01 ines 

of temperature deviations from the zonal mean value, so that  the f ie ld  

was homogeneous. I t  should be noted that  since about one hour experi- 

mental time i s  required just  to  obtain data fo r  two A-t diagrams and 

then many addi tional hours in data reduction, the addi t i  ona1 expense in 

occupying each point in Table 3 would be a considerable sum. 

1 In addition t o  the hand-smoothing inherent in hand analysis, 

some machine smoothing was used to  eliminate small scale i r regular i t ies  

due to  reading the data. I t  was convenient to  use the relaxation 

technique, f i r s t  taking the Laplacian of the f i e l d ,  weighting i t  by the 

surrounding values, and then relaxing the in t e r io r  f i e ld  holding the 

boundary values constant. Generally less than 5-10 per cent of the 

points were corrected more than the - +5 units t o  which the data were 

originally read. These larger corrections were in the areas of large 

gradients where readi ng errors were more 1 i kely . 
TABLE 3 

Locations of A-  t diagrams 
Radius (cm) 

f c ' 4 m c ' f C ' J o  
b b c 0 U ) U ) U ) c o  

O d N r n f L O U )  
d A A 4 4 4 4 

X X X X X  

X  X X  X  

X X  

X X X  

< 

X  X 

X  

X X X X X  

X  X  X  X  



- ? . b d + & -  and which i s  equation (1) of the tex t ,  where Dh - rar rao 
V2 = v, + v 2 . Note also tha t  the expression fo r  ve  when solved fo r  r 
a h  - becomes the boundary condition fo r  the relaxation solution of v 2 h .  a r 

8 t 



APPENDIX C 

QUASI -GEOSTROPH I C u EOUATION 

We de r i ve  t he  u equat ion i n  analogy w i t h  the  atmospheric form 

by combining the  a d i a b a t i c  (thermodynamic) , h y d r o s t a t i c ,  v o r t i  c i  t y  

and s t a t e  equat ions. Since our  data a re  i n  a coord ina te  system moving 
a 

w i t h  t h e  wave, we expand the  t o t a l  d e r i v a t i v e  6 r -$ + (v -c )  - - o + F a P 
D a a o r  - = + J ,  ) + U- where +c i s  t he  r e l a t i v e  s t reamfunct ion Dt  a P 

and we neg lec t  the  advect ion by the  d i ve rgen t  p a r t  o f  t he  mot ion.  

Wr i t i ng :  (a )  The equat ion o f  s t a t e  a = B* r where a,* are  

the  dev i  a t i  ons f rom standard va l  ues of speci  f i  c vo l  ume and temperature 

and B* = A ,  the  volume expansion c o e f f i c i e n t  t imes t h e  re fe rence  

temperature d i f f e r e n c e  across the  annulus 

6 .C a T ( b )  Ad iaba t i c  equat ion = -J($,, r )  - U- a P 

( c )  Hyd ros ta t i c  equat ion a = - 2 where @ i s  t he  geopoten t ia l  
a P 

6 a u (d) V o r t i c i t y  equat ion v2$ = - J ( Q ~ ,  v2$) + 2n - 
a P 

1 and ( e )  Balance equat ion v2+ = v2( 

By express ing (b )  i n  terms o f  a by us ing  (a ) ,  and then us ing  

( c )  we o b t a i n  one equat ion i n  . Another equat ion i s  ob ta ined  by 

combining (d )  and (e) .  Then e l i m i n a t i n g  and d e f i n i n g  t h e  s t a t i c  

we o b t a i n  s t a b i l i t y  o = - 
aP 

a 2 ~  a 
v2(wo) - ( 2 d 2  3 = V~{-J($~,CI) I  -20% {J($c, v 2 $ ) l  

I n  t he  d e r i v a t i o n  we have assumed , t ha t  B* was a constant .  

Since we had p rev ious l y  de r i ved  + f rom a more complete balance equat ion,  

t h i s  was used a l though the  corresponding terms have been om i t t ed  i n  

t he  w equat ion. 



APPENDIX D 

HEAT AND MASS BALANCE I N  TOP LAYER 

From the  s o l u t i o n  o f  t he  OI equat ion we know the  mean v e r t i c a l  

motion a t  6.0 cm between on l y  r = 0.45 t o  0.95. To conver t  t h i s  t o  mean 

mer id iona l  motion we r e q u i r e  a vr value a t  some rad ius  from which we 

cou ld  i n t e g r a t e  t he  c o n t i n u i t y  equat ion. Since the  sur face  values o f  
i 

vr were i r r e g u l a r  the  requ i red  vr va l  ue cou ld  n o t  be determined from 
I 

t h e  s t reak  measurements. 

One a l t e r n a t i v e  i s  t o  combine statements o f  bo th  heat  and mass 

balances i n  t he  boxes t o  so lve  f o r  t he  5 through the  r a d i a l  sur face.  

As we r e q u i r e  on l y  one vr value i f  we accept t h e  mass f l o w  through z = 6 

cm from the  v e r t i c a l  motion s o l u t i o n ,  we w r i t e  t h e  heat  and mass b a l -  

ances between r = 0.45 and r = 0.95. For the  evaporat ion l o s s  we take  

a value o f  1.0 cc/hour (4.2 wat ts  coo l i ng  f o r  0.45 'r' 0.95). 

- 
box and we use mass flows M = cn ( h r ~ s )  where Fn i s  % w i t h  AS = AZ 

As shown i n  the  sketch, t he  heat  
r =  ._45 .95 

and w w i t h  AS = A r .  W r i t i n g  mass c o n t i n u i t y  as 0 = MI + Mp + Mg where 

balance o f  t he  upper l a y e r  conta ins the  
MITl +- 

products o f  t he  mass (M) and i t s  tem- vr lTl  +- 1 

we de f i ne  outward flows as p o s i t i v e .  Then we w r i t e  t he  heat  balance as 

A ~ T  + M2T2 + MlTl + M3T3 + ( v r ' T 1 ) i  + ( V ~ T ) ~  + + E = 0 

where the  eddy heat  flows and t ime changes have the  proper  area 

we igh t i ng  values, and the  heat  f luxes on the  lower sur face  M3T3 and 

pe ra tu re  T. Here dtT i s  t he  t ime change V V - 6 cm 
o f  t he  mean zonal temperature w i t h i n  t he  W I T '  M3T3 

I 

*tT 
M2T2 +- 

I I vr 'T1  2+ 
- 



w ' T "  are actually the sum of fluxes computed over radial increments of 

0.05 units. The evaporation i s  converted to  a cooling of the en t i re  

layer by the proper dimensions and heat constant. As M3 i s  known there 

are two unknowns, M I  and M p ,  simple algebraic manipulation allows us to 

solve for  e i ther .  Table 4 shows the resu l t  of these calculations as 

r< x 1 0 ' ~  with minus signs indicating flows into the upper layer. 

Since r a t  radius 2 i s  0.95 these values are nearly equal to  and a 

TABLE 4 

Mass flow through the 7-6 cm layer 

( r ~ , ) ~  (rvrI l  Ti me ( rvr12 

-1 30 32 9 

3 - 84 0 11 -128 

5 - 30 - 3 13 -133 

7 -119 5 3 15 -1 45 

value of 100 represents a velocity of one mille of the equatorial 

speed. Even the largest value a t  T = 9 represents an atmospheric 

value of less than 1.0 m /sec. Since these are part  of the direct  

cell  bringing the warmer water away from the heat source, the values 

occur near the cold source, indicating a tendency toward an indirect  

cell  there. Figure 10 shows the Stokes streamfunction of the mean 

meridional motion over the en t i re  f luid and indicates how the values 

in Table 4 match the in te r ior  values derived from the u equation. 



APPENDIX E 

ENERGY CYCLE EQUATIOYS 

We develop equat ions analogous t o  those o f  Lorenz (1955) t o  

examine the  energy cyc le  i n t e g r a t e d  over  t h e  e n t i r e  f l u i d .  The k i n e t i c  

energy equat ion formed by vec to r  mu1 t i p l y i n g  the  h o r i z o n t a l  equat ion 

o f  motion by the  v e l o c i t y  i s  s p l i t  i n t o  zonal and eddy components. 

Even when i n t e g r a t e d  over  the  e n t i  r e  mass, t he  convect i  ve acce le ra t i on  

term does n o t  go t o  zero, b u t  gives r i s e  t o  a  term which may be i n t e r -  

p re ted  as t h e  conversion from eddy t o  zonal k i n e t i c  energy. We then 

de r i ve  a  p o t e n t i  a1 energy equat ion which conta ins t h e  conversion 

between p o t e n t i a l  and k i n e t i c  energy which appeared i n  t h e  k i n e t i c  

energy equat ion. I n  t he  process we de f i ne  the  a v a i l a b l e  zonal (and 

eddy) p o t e n t i a l  energy, t h a t  p a r t  o f  the  p o t e n t i a l  energy which i s  

a v a i l a b l e  f o r  conversion t o  k i n e t i c  energy by f r i c t i o n l e s s ,  ad iaba t i c  

r e d i s t r i b u t i o n  o f  mass. 

We de f i ne  the  eddy component as t h e  d e v i a t i o n  from t ? e  zonal 

average g iven by the  r e l a t i o n  1  2n ( ( )  = - 
2n l o  

M u l t i p l y i n g  t h e  zona l l y  averaged re and < equations by ye and yr 

respec t i ve l y ,  summing, reducing the  equat ion by use o f  t he  averaged 

c o n t i n u i t y  equat ion, and i n t e g r a t i n g  over t he  mass, we o b t a i n  
- - - - I 

The f o l l o w i n g  d e f i n i t i o n s  have been used 

< > i n t e g r a t i o n  over the  mass 



- - 
f, , fr zona 7 7y-averaged components of the fr ic t iona 7 force. 

Because of the integration over the ent i re  mass, the advection of 

by the mean motion tends to  zero as do terns involving derivatives with 

respect toi o. The terms within the f i r s t  bracket on the r ight  come 

from the advection term, while the curvature terms appear in the second 

bracket. Because yr i s  very small compared to Te and vanishes upon 

vertical integration, only the f i r s t  two terms involving gradients of 

v e  are important. We interpret  these terms as the tendency fo r  eddy 

fluxes of angular momentum t o  convert eddy kinetic energy in to  zonal 
1 

kinetic energy C(K8 , ' iT ) .  Using the hydrostatic equation i n  the third 

term in brackets reduces i t  t o  the conversion of zonal potential 
- - 

energy to  x, c(P,R) = - <LO a>. Then defining the l a s t  term to  be the 

dissipation of R, D(K), we write the equation as 

1 = C ( K 8 , K ) t ~ ( F , l ) + ~ ( X )  

The eddy kinetic energy i s  derived by subtracting the equation from 

the total  kinetic energy integrated over the mass w i t h  the resu l t  

- -  a K '  - - C ( K I  ,K) + C ( P I  , K I )  t D ( K I )  
a t  
- 

where C ( P 1  ,Kt)  = - < u I c x I >  and D ( K I )  = < v e  I F  I + v I F  I >  r r  
To derive the correspondi ng potenti a1 energy equations we 

begin from the thermodynamic equation in the flux form 

ar + a + a ( v , ~ )  + a ~ r  - - 
a t  ra r rao a p  Cp 

The temperature deviation T from a standard value i s  re1 ated to  a 
* specific volume deviation a by the equation of s t a t e  a = 8 T .  Taking 

B ' . = B * ( ~ )  we mu1 t i  ply the zonally averaged thermodynami c equation by 

*- - 
B T = a and take the zonal averaae, obtaining 



2L2 D a1 no  where^=%, u = q ,  Y -5 , , = D - + ,  H =  and D and 
Cv gP s 

L are the  c h a r a c t e r i s t i c  v e r t i c a l  and h o r i z o n t a l  scales.  These are the  

quasi -geostrophic  equat ions where we have dropp2d the  terms i n v o l v i n g  

v a r i a t i o n  o f  t h e  Cor io l  i s  parameter. A s i n g l e  p a r t i a l  d i f f e r e n t i a l  

equat ion i s  der ived  by e l i m i n a t i n g  the  pressure between e )  and f )  , 

u t i l i z i n g  the  c o n t i n u i t y  equat ion t o  express the  divergence i n  terms 

of wo which i s  e l im ina ted  w i t h  t he  a i d  o f  t he  ad iaba t i c  equat ion h ) .  

Using t h e  i d e n t i t y  1)  t he  equat ion i s  w r i t t e n  (Pedlosky, 1964a) 

a a a 
+ )X ay - 1 {qxx 

1 
{X + + Y Y  + - p s  ( E ~ ~ I J J ~ ) ~ )  = o where q~ = po, 

which can be shown (Charney and Stern, 1962) t o  be the  conservat ion 

o f  p o t e n t i  a1 v o r t i  c i  t y .  De ta i l ed  cons idera t ion  o f  the  proper  formula- 

t i o n  o f  t h e  boundary c o n d i t i o n  f o r  wo a t  the  top  and bottom i s  g iven 

irn bo th  of t he  above references. For an incompressible f l u i d  t he  

p o t e n t i a l  temperature i s  replaced by the  s p e c i f i c  volume o r  by the  

temperature i f  t h e  equat ion o f  s t a t e  i s  1 i nea r .  I .  
A f t e r  i n s e r t i o n  of t he  p e r t u r b a t i o n  q~ = Y + a and e l i m i n a t i o n  

o f  second order  terms, so lu t i ons  of t he  form 0 = Re $e i a ( x - c t )  are 

s u b s t i t u t e d  i n  t he  l i n e a r i z e d  equat ion f o r  t he  p e r t u r b a t i o n  f i e l d  0 .  

The r e s u l t i n g  frequency equat ion i s  

where t h e  northward grad ien t  of the geostrophic  p o t e n t i a l  v o r t i c i t y  i s  

1 9 = -u - - ( E P ~ U ~ ) ~  here u i s  t he  mean zonal v e l o c i t y .  The f l o w  
aY YY P s  

w i  11 be unstable if a s o l u t i o n  e x i s t s  w i t h  an associated eigenvalue 

c = c  + i c i  whose imaginary p a r t  i s  p o s i t i v e .  Only i f  a l l  so lu t i ons  r 

have ci = 0 w i l l  t he  undis turbed flow be s tab le .  The c r i t e r i o n  i s  

der ived  from the  p e r t u r b a t i o n  energy equat ion i n t e g r a t e d  over the  



volume. Charney and Stern (1962) s t a t e  t he  general  theorem: "Zonal 

f l o w  i n  a s t r a t i f i e d  r o t a t i n g  atmosphere which ( a )  i s  bounded by r i g i d  

h o r i z o n t a l  boundaries, o r  ( b )  extends t o  i n f i n i t y ,  i s  s t a b l e  w i t h  

respec t  t o  a x i a l  l y  asymmetric disturbances i f  the  g rad ien t  o f  p o t e n t i a l  

v o r t i c i t y  i n  i s e n t r o p i c  sur faces does n o t  vanish and (a )  t he  p o t e n t i a l  

temperature i s  constant  a t  t he  r i g i d  boundaries, o r  (b)  p e r t u r b a t i o n  

energy i s  r e f l e c t e d  a t  i n f i n i t y . "  

The non-vanishing o f  t h e  p o t e n t i a l  v o r t i c i  ty  g rad ien t  i s  

thus a s u f f i c i e n t  c o n d i t i o n  f o r  s t a b i l i t y  and i t s  van ish ing  a necessary 

c o n d i t i o n  f o r  i n s t a b i l i t y .  




