
Studies on Interaction Between Synoptic and Mesoscale 
Weather Elements in the Tropics 

Report No. I 

by 
Herbert Riehl and Robert P. Pearce 

Technical Paper No. 126 
Department of Atmospheric Science 

Colorado State University 
Fort Collins, Colorado 





STUDIES ON INTERACTION BETWEEN SYNOPTIC AND MESOSCALE 

WEATHER ELEMENTS I N  THE TROPICS 

- - -- -- -- p- - - --;--?- - A - - L - .  -- P l i T - I I L - - - ^ - p  

Report No. 1 

by - - . - - 
- - -HerberX Kiehl and Robert P x e a r c e  

. '  

P a r t  I: Some Aspects of Cumulus-Scale Downdrafts 
Herbert Riehl ,  Colorado S t a t e  Universi ty 

Par t  11: Vor t i c i ty  Budgets Derived from Caribbean Data 
Robert P. Pearce, Imperial College of London 

Atmospheric Science Paper No. 126 

Department of Atmospheric Science 
Colorado S t a t e  Universi ty 

Fort  Col l ins ,  Colorado 

June 1968 



ACKNOWLEDGMENTS 

__3Ihe_mntributioa b y  L-Xiehl-was -made +artly-under a -research grant - 

by ESSA, iqo. E 22-138-67(G) to Colorado State University, partly under 

NSF Senior Postdoctoral Fellowship and sabbatical leave from Colorado 

State University at Imperial College. 

Dr. Pearce wishes to acknowledge the stimulating and constructive 

comments made during the course of this work by Dr. J.S.A. Green, Impe- 

---+iill-6sXEw5-*Hieti&arfy 4e.r -psitttfag-mt d e  importance -of -the -twist- -- 

ing terms on the small scale. The computer program development was 

carried out by Mr. R.A. Drayton, and the results in Figs. 8-12, Part 11, 

plotted by Miss A. Jowett. 

Both authors wish to express their sincere thanks to Professor 

P.A. Sheppard, Head of the Meteorology Department, Imperial College, 

who made all facilities in the department and electronic computer time 

available on a most lib.eral scale. Miss M. Street performed a large 

part of the plotting and computing work; she also drafted the illustra- 

tions. Her excellent efforts are very much appreciated. 



Part I 

SOME ASPECTS OF CUMULUS-SCALE DOWNDRAFTS 

H. K i e h l  
- .-- . 

Introduction 

I n  s p i t e  of extensive re lease  of l a t e n t  heat  of condensation i n  

synoptic-scale disturbances of the  t rop ics ,  the  a i r  s i t u a t e d  i n  the  

areas  with g rea tes t  synoptic-scale convergence and p r e c i p i t a t i e n  is 

- - of ten  r e l a t i v e l y  dense with respect  t o  the  outs ide-of  these  diaturb- 

ances (Riehl 1948). The r e l a t i v e l y  dense a i r  may extend from t h e  sub- 

cloud layer  t o  t h e  middle troposphere and occasionally even t o  the  high 

troposphere. I n  con t ras t ,  disturbances with a c e n t r a l  core l e s s  dknse 

than t h e i r  surroundings a l s o  occur (Riehl 1959). These need not be of 

hurricane i n t e n s i t y ;  steady s t a t e  may be achieved with weak wtnd f i e l d s  

(Elsberry 1965) . 
The cold core s t r u c t u r e  of disturbancescan be explained thermo- 

dynamically by postula t ing n e t  mass ascent  of t h e  atmosphere i n  a con- 

vergence zone, plus ascent  of cumulus towers and outward mixing of 

r e l a t i v e l y  l i g h t  air from these  clouds (Riehl 1948, 1954). Such as- 

cent ,  with meso-scale s t r u c t u r e ,  may ac tua l ly  lead t o  net  warming of 

the  cloudy region i n  t h e  upper troposphere w i t h  respect  t o  its e m i r  

ronment . A neu t ra l  point  of the  flow around 201) nb, sr even a ~ t i -  

cyclonic c i rcu la t ion ,  is  then found above t h e  layer  with high cvcionic 

v o r t i c i t y  where cumulonimbus anv i l s  widely reach t h e  200-mb l e v e l .  I n  

such a s e t t i n g  re lease  of l a t e n t  heat  of condensation can c o x ~ ~ r i b u t e  

toward maintaining the  k i n e t i c  energy of disturbances and of t?!e p r i -  

mary c i rcu la t ion  (Riehl 1959, 1963). 

Research a i r c r a f t  f l i g h t s  conducted i n  a wave i n  t h e  e a s t e r l i e s ,  



in tercepted i n  the  western Caribbean during August 1964, have pointed 

t o  another complicating mechanism i n  the  lower troposphere (Riehl  1967). 

It was observed t h a t  moisture and temperature, and hence a l s o  t h e  

equivalent  p o t e n t i a l  temperature ( )  decreased below 800 mb from 

the  c l e a r  surroundi~lgs toward thc a i r  w i t h  heavies t  cloudiness. Bar- 
--- - ---- --.- 

r i n g  any airmass c11otlg.e of  f rot1 t a l ~ r X ~ T ~ - ~ - t ~ - a ~ m - f n m r h r e d ,  - - t h i s  

phenomenon could only b e  explained by c a l l i n g  on downdrafts from higher  

l e v e l s ,  where Oe is normally much lower than near t h e  su r face  i n  t h e  

t r o p i c a l  atmosphere. The o ~ l l y  mechanism capable of producing a c t i v e  

downdrafts i s  evaporation from f a l l i n g  ra in .  Downdrafts i n i t i a t e d  by 

evaporation have e f f e c t s  on the  thermal and moisture s t r u c t u r e  of a 

---+l-B;Lsturbance_re&-oze introduced by a middle l a t i t u d e  -- - 
f ron t .  Only, i n  t h i s  case, the  "cold air" comes from higher  a l t i t u d e s  

r a t h e r  than from higher l a t i t u d e s .  This suggested sequence of events 

is novel a t  l e a s t  i n  t h a t  i t  accepts t h e  p o s s i b i l i t y  of modificat ion 

of large-scale disturbances by smaller-scale events wi th in  t h e i r  en- 

velope, and t h a t  the  meso-scale overturning can be an important de ter -  

r e n t  of hurricane formation through in t roduct ion of air  with r e l a t i v e l y  

low heat  content i n t o  the  surface  l ayer .  

Cooling of the  air  near  the  surface  has o f t en  been noted i n  r a i n  

areas  of t h e  t rop ics .  However, the  suggestion has a t  least been im-  

p l i c i t  t h a t  t h i s  cooling occurs a t  constant  
Oe,  t h a t  is t h e  temper- 

a t u r e  f a l l s  as t h e  moisture i n  the  a i r  rises and both drybulb and dew- 

point  approach the  wetbulb temperature. The observations i n  1964 thus  

point  t o  a completely d i f f e r e n t  process. Meso-scale downdrafts carry-  

ing a i r  with low O t o  the  surface  have been known f o r  a long t i m e  e 
as thunderstorm downdrafts. It is now suggested t h a t  the  atmosphere 

may be transformed on t h e  synoptic s c a l e  by prolonged downdraft ac- 

t i v i t y .  A s  a r e s u l t ,  the  v e r t i c a l  gradient  of O weakens even e 
though, over t h e  t r o p i c a l  ocean, the  heat  f l u x  from below always a c t s  

t o  r e s t o r e  the  gradient .  I n  the  extreme case O would become uni- e 
form with height ,  a transformation already studied by Rossby (1932) f o r  

dry a i r .  



The purpose of t h i s  paper i s  t o  present  i n i t i a l  r e s u l t s  from sev- 

e r a l  Caribbean disturbances which have been analysed with a view t o  

determining whether the  downdraft e f f e c t  could be observed regular ly  

and whether i t  was t o  be found i n  both steady s t a t e  and i n  hurricane 

producing waves i n  the  e a s t e r l i e s .  Next, the  energy t r a n s f e r  from the  

- - ocean su r face  is analysed i n  r e l a t i o n  t o  changes i n  t h e  moisture s t ruc-  

tu re  of t h e  subcloud l ayer .  F inal ly ,  an attempt is made t o  compute 

turbulent  mass and v o r t i c i t y  t r a n s f e r  along the  v e r t i c a l  wi th in  the  

synoptic-scale s e t t i n g  preliminary t o  considering o the r  forms of tur-  

bulent  exchange. 

Vertical Dis t r ibu t ion  of Moisture and Equivalent P o t e n t i a l  Temperature 

Fig.  1 shows the  locat ion of the  rawinsonde s t a t i o n s  i n  t h e  Carib- 

bean area.  Not a l l  s t a t i o n s  were i n  operat ion during each of t h e  

periods analysed; the  b e s t  coverage was i n  t h e  l a t e  1950's, de te r i -  

o ra t ing  l a t e r .  

Five cases were se lec ted  yie ld ing fourteen map periods f o r  anal- 

y s i s .  Of these ,  two developed i n t o  hurricanes and th ree  did not .  The 

cases were chosen so  a s  t o  provide the  g r e a t e s t  poss ib le  v a r i a t i o n  of 

wave s t r u c t u r e :  

14-16 September, 1958; a s t rong s t a b l e  wave t r a v e l l i n g  westward 

at  17 knots; ant icyclonic  flow i n  t h e  high troposphere. 

19-22 September, 1959; l a r g e  amplitude wave t r a v e l l i n g  westward 

a t  1 7  knots, then decelerat ing.  Af ter  severa l  abor t ive  

attempts a c i r c u l a t i o n  formed near the  e a s t  end of Cuba 

and eventually became a hurricane.  

6-8 August, 1964; the  wave discussed i n  the  Introduction,  which 

did  not  develop i n t o  a hurricane,  i s  here  analysed j u s t  

p r i o r  t o  the  period with a i r c r a f t  missions. 

12-14 September, 1963; a warm core wave moving westward i n  a 



steady s t a t e  a t  15 knots. The c i r c u l a t i o n  was s t rong  a t  

the  surface ,  b u t  i t  was completely damped out  a s  low a s  

700 mb -- a remarkable occurrence (Elsberry 1965). 

2-5 October, 1958; rapid development a t  f i r s t  of a low-level wave, 

--- - then of a hurricane,  from i n i t i a l  high-tropospheric - ---- - - - 
trough. Rate of motion was 17 knots a t  f i r s t ,  then slowed 

t o  5 knots o r  less. 

A few i l l u s t r a t i o n s  from the  l a r g e  amount of analysed mate r i a l  

follow. Ver t i ca l  t i m e  sec t ions  of t h e  moisture during wave passage at  

pa r t i cu la r  s t a t i o n s  a r e  w e l l  s u i t e d  t o  demonstrate the  e f f e c t  of any 

- - A ~ a f & ~ a ~ L n s r d e r ~ o  ob ta in  a synoptic-scale -- __l_..l__l___ view of t h e  - 

moisture v a r i a t i o n s ,  the  s p e c i f i c  humidity a t  many s t a t i o n s  was f i r s t  

p lo t t ed  agains t  time a t  1000, 850, 700, 500, 400, and 300 mb and a 

smooth p r o f i l e  drawn a t  each l e v e l  maintaining v e r t i c a l  cont inui ty .  

From the  smoothed values t h e  s p e c i f i c  humidity of a mean t r o p i c a l  at- 

mosphere f o r  the  hurricane season (Jordan 1958) was next  subtrac ted .  

This e l iminates  most of t h e  v e r t i c a l  gradient  and makes it  poss ib le  t o  

bring out  the  hor izonta l  and v e r t i c a l  changes i n  s p e c i f i c  humidity. 

Fig. 2a shows a s p e c i f i c  humidity anomaly time s e c t i o n  as j u s t  

described f o r  the  September 1958 wave; t h i s  time s e c t i o n  reveals mois- 

t u r e  changes similar t o  those observed by a i r c r a f t  i n  August 1964, al- 

ready discussed. Ahead (west) of t h e  wave a x i s  moisture is high a t  low 

l e v e l s ,  with dryness i n  the  higher troposphere. On t h e  r e a r  (eas t )  

s i d e  the  reverse holds. Whereas one might have expected a th ick  l a y e r  

with pos i t ive  moisture departure from t h e  mean from t h e  ground upward, 

ac tua l ly  s p e c i f i c  humidity is lower than i n  t h e  o u t s k i r t s  of t h e  wave 

i n  the  lowest 200 mb. I n  view of the  rapid  displacement of t h e  wave, 

t h e  motion of t h e  a i r  r e l a t i v e  t o  the system is mainly from t h e  w e s t ,  

t h a t  i s  a i r  crosses from t h e  w e s t  s i d e  t o  the  east s i d e  of the  a x i s .  

Convergence begins before t h e  a i r  reaches the  a x i s ,  r e f l e c t e d  a t  f i r s t  

by a r i s e  i n  s p e c i f i c  humidity throughout t h e  troposphere. Then, i n  



t h e  heavy convergence zone e a s t  of the a x i s  (Fig .  3) t h e  inc rease  i n  

moisture continues a t  700 nib and I~igiier, while drying occurs a t  t h e  

lower l e v e l s .  A s i m i l a r  scquc~lcc of events holds f o r  a i r  approaching 

t h e  convergence zone from soutill or soulrh-southeast on r e l a t i v e  t r a -  

j e c t o r i e s  with long duraLlo11 of collvcrgcnce . 
- 

Almost t h e  same m o i s t u r e  pa t t e rn  is present  a t  Kingston one day 

later (Fig. 2c) .  T11e Oe p r o f i l e s  a t  both s t a t i o n s  (Figs.  4a-b) show 

t h e  marked reduction of v e r t i c a l  gradient  ac ross  t h e  wave, a low-level 

decrease of O taken a s  evidence f o r  the  downdraft mechanism, and an e 
o v e r a l l  i nc rease  of Oe f o r  the  troposphere which fol lows from t h e  n e t  

t ropospheric  convergence. 

comparison wi th  t h e  hurr icane  forming cases shows, s u r p r i s i n g l y ,  

t h a t  t h e  same p a t t e r n  prevai led  i n  t h e  s p e c i f i c  humidity time sec t ions  

p r i o r  t o  development and even during development except i n  a small  a r e a  

around the  forming cen te r .  Thus, a t  Guantanamo i n  October 1958 (Fig.  5a) ,  

w e  s e e  v i r t u a l l y  a r e p l i c a  of t h e  September 1958 sec t ions  a t  a l a t e  

s t a g e  when hurr icane  formation was we l l  under way c lose  t o  Gran Cayman. 

However, a t  Kingston, c lose  t o  t h e  forming cen te r ,  a dry l a y e r  e a s t  of 

t h e  a x i s  is no longer evident  (Fig.  5b),  and t h i s  is  a l s o  t r u e  a t  Gran 

Cayman (Fig. 5 4 ,  a s t a t i o n  a c t u a l l y  crossed by t h e  forming cen te r .  

Correspondingly, t h e  Oe p r o f i l e s  t r end  toward a diminished v e r t i c a l  

g rad ien t  i n  t h e  convergence a rea ,  wi th  l a r g e  inc reases  i n  
@ e 

a t  both 

Kingston and Gran Cayman (Figs. 6a-c). 

An attempt t o  prepare a moisture time s e c t i o n  f o r  t h e  unusual wave 

of September 1963 f a i l e d  because of excessive s c a t t e r  i n  the  reported 

s p e c i f i c  humidit ies .  However, t he  whole middle and upper troposphere 

remained very dry ,  wi th  s p e c i f i c  humidit ies  w e l l  below those  of t h e  

mean t r o p i c a l  atmosphere. I n  f a c t ,  except i n  t h e  l a y e r  from the  sur-  

f ace  t o  850 mb, t h e  s p e c i f i c  humidity a t t a i n e d  a minimum a t  s e v e r a l  

s t a t i o n s  a s  the  a x i s  passed. This suggests  very l i t t l e  convective 

a c t i v i t y  and upward moisture t r anspor t  t he re .  S a t e l l i t e  p i c t u r e s ,  a s  



w e l l  a s  personal observations a t  Puerto Rico, confirm t h i s  conclusion. 

Ahead of the  wave skies were very c l e a r ;  t o  i t s  r e a r ,  heavy c loudiness  

and p rec ip i t a t ion  expected because of t h e  l a r g e  amplitude of the  wave 

a t  the  surface  did no t  ma te r i a l i se  t o  the  extent  an t i c ipa ted .  Cor- 

respondingly, the  w-field a t  850 mb (w = dp/dt) was very weak, w i t h  - -- -- -- -- -- -- -- -- ----l^____ll_ _ 
___._ _I 

only 1-2 mb/hr ascent  compared with 4-5 mblhr over a l a r g e r  a rea  f o r  

t h e  cases with heavy convection. - - A  diagram of Oe composited by E l s -  

berry (1965) over the  th ree  days when t h e  wave could be followed, 

showed s l i g h t l y  enhanced Oe near  the  ax i s  a t  a l l  l e v e l s  below 500 mb, 

i n  accord with the  observed s c a r c i t y  of showers and the  corresponding 

absence of downdrafts from evaporation of f a l l i n g  ra in .  
--- - -- -- -- __ __- _ I I - --- -- ---___ __ 

It has been demonstrated, using moisture cross  sec t ions  and ver-  

t i c a l  Be profi les*,  t h a t  a r e d i s t r i b u t i o n  of hea t  and moisture fre-  

quently occurs i n  synoptic-scale convergence zones of t h e  t r o p i c s ,  s o  

t h a t  the  v e r t i c a l  gradient  of Qe is reduced compared t o  t h e  surround- 

ings and the  Oe is a c t u a l l y  reduced i n  t h e  low troposphere below ap- 

proximately 800 mb. Further,  such lowering of Oe can only come 

about, i n  the  s i t u a t i o n s  under discussion,  through importation of a i r  

with low Oe from t h e  middle troposphere; the  only process known t o  

make such importation mechanically poss ib le  i n  a shor t  time (hours) i s  

downward buoyancy produced by evaporation of r a i n  drops f a l l i n g  i n t o  

unsaturated a i r .  Thus i t  is suggested t h a t  t h e  downdraft mechanism, 

w e l l  known in  thunderstorms on t h e  meso-scale, can p a r t l y  shape the  

s t r u c t u r e  of synoptic disturbances when operat ing on t h e  a i r  i n  a con- 

vergence zone f o r  12-24 hours. Since wave speed and low-level t r a d e  

wind speed a r e  almost equal ,  t h e  condition t h a t  the  low-level air  must 

remain i n  the  convergent zone f o r  a r e l a t i v e l y  long time is  wel l  m e t .  

I n  f a c t ,  the re  were always r a t h e r  l a r g e  areas  with r e l a t i v e  motion of 

only 1 knot, hence a reas  with v i r t u a l l y  zero r e l a t i v e  motion. An ex- 

ception may occur when the  shower a c t i v i t y  is very weak; then an in- 

crease i n  Oe may occur a t  low leve l s  without being hindered by 

downdrafts carrying a i r  with low 
O e 

t o  t h e  su r f  ace. 



From t h e  change i n  t h e  
Oe 

p r o f i l e s  ac ros s  t h e  waves, i t  fol lows 

a l s o  t h a t  t h e  l a t t e r  a c t  as a very  e f f e c t i v e  mechanism f o r  upward h e a t  

t r anspor t .  A s  we have seen ,  much of t h e  a i r  pass ing  through t h e  waves 

appears  t o  come from t h e  west .  Thus one may th ink  of t h e  waves as 

marching pe r tu rba t ions  which cont inuously overtake a i r  wi th  energy 

-- - - concent ra t ion  i n  t h e  l a y e r  of t he  t r a d e  wind clouds and wi th  a r e l a -  

t i v e l y  s t e e p  l a p s e  r a t e .  Through t h e  convergence a s soc i a t ed  wi th  t h e  

waves t h e  energy i s  t r anspor t ed  upward and t h e  l a p s e  r a t e  is  reduced, 

wi th  lower cool ing  and upper warming, and a t r a n s i t i o n  from cumuliform 

t o  s t r a t i f o m  cloud types.  Thus, t h e  energy gained by t h e  a i r  from t h e  

s e a  and s t o r e d  i n  t h e  t r a d e  wind l a y e r ,  i s  removed by means of t h e  

waves t o  t h e  middle and high t roposphere.  
-- - 

S p e c i f i c  Humidity of t he  Surface Layer 

Over t h e  t r o p i c a l  oceans l a t e n t  and, t o  a much sma l l e r  degree, 

s e n s i b l e  h e a t  is  t r a n s f e r r e d  cont inuously from t h e  s u r f a c e  t o  t h e  a t -  

mosphere. It has o f t e n  been suggested t h a t  t h i s  h e a t  flow gradual ly  

may inc rease  s u r f a c e  drybulb and dewpoint temperatures ,  s o  t h a t  as- 

cending a i r  w i l l  fol low a moist-adiabat ic  pa th  s u f f i c i e n t l y  w a r m  t o  

i n i t i a t e  t r o p i c a l  s torm formation from r e l e a s e  of l a t e n t  h e a t  energy. 

~ l i m a t i c a l l ~ ,  of course,  i t  is  known t h a t  t h e  mean s e a  l e v e l  t r a j e c -  

t o r i e s  c r o s s  toward h ighe r  s e n s i b l e  and l a t e n t  h e a t  as they approach 

t h e  equator  and t h a t  cumulusascent pa ths  occur a t  inc reas ing ly  warm 

temperatures.  However, t h e  i nc rease  of h e a t  conten t  of t h e  s u r f a c e  

l a y e r  does n o t  depend on t h e  energy t r a n s f e r  from t h e  ocean bu t  on t h e  

divergence of energy f l u x .  Hence t h e  r e l a t i o n  between air-ocean ener- 

gy exchange and v a r i a t i o n s  i n  t h e  energy of t h e  s u r f a c e  air  should be 

reexamined i n  t h e  l i g h t  of  t h e  ex i s t ence  of t h e  buoyant downdrafts. 

Such an examination should a l s o  g ive  some i n d i c a t i o n  regarding t h e  

importance of so-cal led oceanic  "hot s p o t s , "  a r eas  w i th  p o s i t i v e  tem- 

pe ra tu re  anomaly of a few t en ths  degree C with r e s p e c t  t o  t h e i r  sur-  

roundings. 



Evaporation: The l a t e n t  hea t  f l u x  from t h e  s e a  can be computed 

wi th  t h e  turbulence  formula (Jacobs 1942) 

- - - - - - -- 
where c is t hear as C o ~ T T S ~ r n ~ ~ p r n e y  , 4 k  A-a- D 
t e n t  heat  of evapora t ion ,  tlie s a t u r a t e d  s p e c i f i c  humidity a t  

~,C,;,Ll 

t h e  temperature of t h e  ocean su r face ,  and and Vair t h e  spe- 'air 
c i f i c  humidity and wind speed s~ s l i i p ' s  deck Level (about  10 m) . T h i s  

formula and i t s  shortcomings liave been d iscussed  widely i n  t h e  l i t e r a -  - 

-3 - 3 
t u r e .  For cons tan ts  we s h a l l  use c = 1.5 x 10 , p = 1.15 x 10 - D 

-3 
L = 600 c a l / g .  The v a r i a b l e s  a r e  V . and q - - 2  c m  , -- q a i r  

i t l ~ -  ocean----- 
Of these ,  

Vair 
can be  determined wi th  reasonable  accuracy from s h i p  

observat ions toge the r  wi th  wind measurements a t  1,000 - 2,000 f e e t  

over l and ,  s i n c e  t h e  change of wind speed wi th  he igh t  above s h i p ' s  

deck l e v e l  i s  normally s m a l l  i n  t h e  t r ades .  The s h i p  winds were usu- 

a l l y  too few a t  any one map time t o  e s t a b l i s h  an  i s o t a c h  p a t t e r n .  

Hence t h e  maps six hours  be fo re  and a f t e r  were a l s o  used and 'air 
p l o t t e d  on a composite c h a r t  i n  wave coord ina tes .  

The quan t i t y  q - presented much g r e a t e r  d i f f i c u l t i e s ,  
ocean qair 

s i n c e  n e i t h e r  v a r i a b l e  i s  w e l l  repor ted .  A uniform ocean temperature 
0 of 83 F (qocean = 25 g/kg) from c l ima to log ica l  d a t a  was assumed f o r  

t h e  c e n t r a l  and wes tern  Caribbean; t h i s  temperature may be  somewhat 
- .  

i n  e r r o r .  However, t h e  most u n r e l i a b l e  c a l c u l a t i o n  is t h a t  of qair , 
although i t  should be  t h e  easiest measurement, a s  i t  depends only on a 

good wetbulb reading.  Actual ly dewpoint (and wetbulb) temperatures  -- 
over t h e  ocean, s m a l l  o r  f l a t  i s l a n d s ,  and o t h e r  c o a s t  l i n e s  -- r a r e l y  

f e l l  i n t o  a r e a d i l y  ana lysable  p a t t e r n .  Even a f t e r  compositing t h r e e  

six-hour s u r f a c e  maps with cons idera t ion  of d i u r n a l  v a r i a t i o n s ,  i t  

s t i l l  proved necessary f i r s t  t o  determine t h e  average dewpoint i n  

200-mile squares  and then t o  f i t  an a n a l y s i s  t o  t h e s e  values.  F ig .  7 

shows t h e  r e s u l t  of t h i s  a n a l y s i s  procedure f o r  one s i t u a t i o n  when d a t a  



was unusually p l e n t i f u l  and cons i s t en t  i n  the  most c r i t i c a l  a reas ,  A 

center  of r e l a t i v e l y  dry a i r  followed t h e  wave a x i s ,  and a p a t t e r n  of 

roughly t h i s  form was found on nea r ly  a l l  maps. An i n c i p i e n t  hurr icane  

was present  (heavy dot) a t  t h e  time shown i n  Fig. 7; y e t  observat ions  

of low dewpoint near  t h i s  center  were common. Reports of 2 3 ' ~  dewpoint 
- - -- . - - - - - - -- - - -- -- as-; i n  t h e  345'-350~~ range were f requent ,  suggest ing a cloud base  

much below t h a t  of normal t r a d e  wind cumuli and su r face  p roper t i e s  in-  

d i c a t i v e  of downdrafts. -. , - 

I n  s p i t e  of the  l i m i t a t i o n s  mentioned, the  evaporat ion cha r t s  

could a l l  r e a d i l y  be drawn. The p a t t e r n  was r a t h e r  uniform, though 

s t ronges t  evaporation var ied  from 1 t o  2 cm/day. Because of the  sim- 
- - - - - - - -------.----.---- --- -.--- - ---. - 

Y Z r i t y  i n  p a t t e r n ,  only one composite c h a r t  f o r  a l l  cases  has been 

reproduced (Fig. 8). The wind speed 'air is t h e  quan t i ty  which mainly 

determines t h e  c h a r a c t e r i s t i c s  of t h e  p a t t e r n ;  i n  each ins t ance  a 

horseshoe-shaped a rea  of s t ronges t  wind (near 30 knots)  w a s  present  i n  

t h e  northern p a r t  of the  waves. This was a l s o  t h e  a r e a  where the  a i r  

moved from the  e a s t  r e l a t i v e  t o  t h e  waves. Highest su r face  wind 

speeds, and l a r g e s t  evaporation, occurred on 15 September 1958, on t h e  

occasion of a  non-developing wave. 

The s p e c i f i c  humidity d i f f e rence  between s e a  and a i r  a l s o  a f f e c t s  

t h e  pa t t e rn ,  though only t o  a  l e s s e r  ex ten t .  The e r r o r  margin is  a t  

l e a s t  10-15 pe r  cent .  The s e n s i b l e  heat flow from the  s e a  is a l s o  

estimated a t  10-15 per  cent  of t h e  l a t e n t  h e a t  f l u x  i n  disturbances 

s h o r t  of t r o p i c a l  storm i n t e n s i t y .  Even though t h e  s e n s i b l e  hea t  t r a n s -  

f e r  is  enhanced proport ionately more than t h e  l a t e n t  hea t  t r a n s f e r  i n  

disturbances (Garstang 1967) the  s e n s i b l e  hea t  flow was not  computed 

because i t  is no l a r g e r  than t h e  e r r o r  margin i n  t h e  l a t e n t  hea t  f l o w  

computation. The evaporation, a f t e r  m u l t i p l i c a t i o n  with the  proper 

cons tant ,  w i l l  be taken t o  represent  t h e  t o t a l  energy t r a n s f e r  from 

the  sea .  



Surface t r a j e c t o r i e s :  We now tu rn  t o  the  r e l a t i o n  between energy 

t r a n s f e r  from s e a  t o  a i r  and changes i n  energy along t h e  su r face  tra- 

j e c t o r i e s  of t h e  synoptic-scale motion. Assuming steady s t a t e  with 

r e spec t  t o  t h e  moving waves i n  t h e  f i r s t  approximation, 

. - 
where Vr is  the  wind speed r e l a t i v e  t o  a coordinate system moving 

with t h e  wave, s i s  d i s t ance  along t h e  r e l a t i v e  s t t eaml ine  and t r 
is the  time. Q u i t e  genera l ly ,  Q = gz + c T + Lq + K , where g i s  

P 
acce le ra t ion  of g rav i ty ,  c s p e c i f i c  h e a t  a t  constant  pressure ,  T 

P 
temnerature, and K t h e  k i n e t i c  energy pe r  u n i t  mass. For present  ---- ---. 

purposes K may b e  neglected a s  a very small  term i n  a genera l  h e a t  

balance equation,  and t h e  p o t e n t i a l  energy gz remains zero along 

su r face  t r a j e c t o r i e s .  Neglecting v a r i a t i o n s  i n  c T f o r  t h e  reasons 
P 

t h a t  l e d  t o  omit t ing t h e  s e n s i b l e  h e a t  t r a n s f e r  from t h e  sea ,  

i n  which form t h e  equation is  r e a d i l y  evaluated from moisture and rel- 

a t i v e  motion c h a r t s  a s  ind ica ted  i n  Fig.  7. 

Figs.  9-13 p resen t  the  r e s u l t s ,  averaged f o r  each of t h e  f i v e  

cases,  and wi th  t h e  r e l a t i v e  motion vec to r s  of t h e  su r face  flow added. 

I f  t h e  ca lcu la t ions  a r e  v a l i d  f o r  the  whole of t h e  subcloud l a y e r ,  as 

is presumably t r u e ,  then t h e  u n i t s  can be  changed t o  ca l /day/uni t  a r e a  
6 

below the  subcloud l a y e r  through m u l t i p l i c a t i o n  by 6 x 10 , approx- 

imately, i nd ica t ing  t h a t  t h e  values range up t o  25 per  cent  of the  

energy t r a n s f e r  from t h e  ocean. 

The outstanding f e a t u r e  revealed by Figs.  9-13 i s  t h a t  t h e r e  w a s  

no c o r r e l a t i o n  wi th  the  evaporat ion which, a s  s t a t e d  e a r l i e r ,  always 

had the  same shape a s  i n  the  composite c h a r t  of Fig,  8. Of outs tanding 

i n t e r e s t  a r e  the  cen te r s  wi th  negat ive d / d t  , loca ted  c lose  t o  t h e  



a reas  wi th  s t ronges t  evaporation. S c a t t e r  diagrams (not  reproduced) 

a l s o  confirm t h a t  t h e  magnitude of t h e  evaporat ion does not  determine 

the magnitude, o r  even the  s ign ,  of L dq/dt  i n  t h e  subcloud l aye r .  

One cannot hope t o  f i n d ,  a s  indeed one should no t ,  a simple r e l a t i o n  

between energy t r a n s f e r  from the  s e a  and energy changes i n  the  su r face  
-- - - l a y e r .  

It becomes necessary t o  consider  turbulent  t r anspor t s .  We s h a l l  

here  r e s t r i c t  cons idera t ion  t o  v e r t i c a l  exchanges. I f ,  a t  t he  top of 

a volume moving along the  synopt ic  r e l a t i v e  t r a j e c t o r y ,  t h e  upward h e a t  

t r a n s f e r  i s  g r e a t e r  than t h e  importat ion from the  ocean, t h e  volume 

w i l l  undoubtedly l o s e  hea t .  Severa l  yea r s  ago A. pike1 demonstrated 
- .-. 

t h a t  along su r face  t r a j e c t o r i e s  of the  mean motion i n  the  A t l a n t i c  

t rades  drying ou t  could t ake  p lace  under s t rong ant icyclonic  condi t ions .  

Presumably very dry a i r  w a s  mixed down from a s t rong t r a d e  wind inver-  

s ion  toward the  sur face .  The concept of dewpoints decreasing slowly 

f o r  s e v e r a l  days along t h e  su r face  a i r  flow i n  t h e  t rop ics ,  o r  even 

remaining constant ,  i n  t h e  presence of continuing evaporation from t h e  

s e a  may be  considered unusual, but  its v a l i d i t y  is demonstrable. I n  

t h i s  s tudy we have found a second mechanism capable of lowering the  

dewpoint of t h e  su r face  a i r ,  t h i s  time i n  convergence zones: the  down- 

d r a f t  from p r e c i p i t a t i o n  cooling which in t rudes  i n t o  t h e  su r face  l a y e r .  

It follows t h a t  t h e  h e a t  content  of a i r  ascending i n  cumulus towers 

depends heavi ly  on t h e  downdraft r a t e ,  and on t h e  p roper t i e s  of the  a i r  

reaching t h e  su r face  i n  downdrafts. The energy flow from t h e  s e a  w i l l  

tend t o  be l a r g e ,  where the  s p e c i f i c  humidity of the  su r face  a i r  is  

l e a s t ,  hence a l s o  qocean - 
q a i r  l a r g e s t .  W e  conclude t h a t  t h e  r a t e  

of hea t  t r a n s f e r  from t h e  ocean, and small  s p a t i a l  v a r i a t i o n s  assoc- 

i a t e d  with l o c a l  gradients  of ocean temperature, a r e  unl ike ly  t o  have 

l ~ e ~ a r t m e n t  of Atmospheric Science, Colorado S t a t e  Universi ty,  Fort  
Col l ins ,  Colorado, mimeographed, 1961. 



an important bearing on i n t e n s i f i c a t i o n  of waves i n  the  e a s t e r l i e s .  The 

e s s e n t i a l  f ac to r  would appear to b e  the suppression of importation of 

a i r  with low energy contelit from  lie middle troposphere toward the  s u r -  

face.  This i s  primarily nccomplislied i f  a0 /az becomes small  o r  zero.  e 

with pos i t ive  L dq/dt dowlis Lrcnm along tile r e l a t i v e  t r a j e c t o r i e s  from 

the  negative areas .  Wlille da ta  arc i n s u f f i c i e n t  f o r  a complete de- 

s c r i p t i o n ,  the arrailgenient of tlie pa t t e rns -  suggests t h a t  a i r  en te r ing  

the  convergence zones a t  f i r s t  is  s t rongly  sub jec t  t o  lowering of t h e  

surface  heat  content by downdrafts s i n c e  aoe/az the re  i s  l a rge .  

Through the  overturning plus convergence, however, the  v e r t i c a l  r ed i s -  
- - -- - - - - -- - - -- - -- - - - 

t r i b u t i o n  of heat  described a t  the  beginning of t h i s  r epor t  takes p lace .  

Therewith aBe/az becomes small and i n e f f e c t i v e  i n  opposing t h e  occur- 

rence of pos i t ive  L dq/dt  i n  the  su r face  l ayer  from heat  t r a n s f e r  

from t h e  ocean. 

It is seen t h a t  the  evaporation from f a l l i n g  r a i n  i s  a powerful 

de te r ren t  of amplif icat ion of waves i n  the  e a s t e r l i e s ,  from t h e  thermo- 

dynamic standpoint .  A quan t i t a t ive  model of downdraft mechanism is be- 

ing developed i n  order t o  permit inc lus ion of t h i s  e f f e c t  i n  calcula-  

t ions  when synoptic-scale observations are ava i l ab le  and events on t h e  

meso-scale must be t r ea ted  on a parametric bas i s .  Another mat ter  be- 

comes of v i t a l  i n t e r e s t  f o r  a quan t i t a t ive  descr ip t ion of t r o p i c a l  

disturbances:  the  synoptic-scale v e r t i c a l  motion. Its determination 

and i ts  r e l a t i o n  t o  the  v o r t i c i t y  f i e l d  is  considered i n  P a r t  I1 which 

follows . 
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Fig. 1 .  Rawinsonde stations i n  the Caribbean area. 
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Fig. 2a. Pressure-time cross section of deviation of s p e c i f i c  
humidity (g/kg) from the average summer Caribbean at- 
mosphere, for Sabana de l a  Mar, Dominican Republic, 
13-16 September 1958. Dates and times (GMT) are given 
on the abscissa. Heavy so l id  l i n e  is  wave ax i s .  



Fig. 2b. Pressure-time cross section of deviation of temperature 
(OC) from the average Caribbean summer atmosphere, for 
Sabana de la Mar, 13-16 September 1958. 



Fig. 2c. Pressure-time cross sectlon of deviation of specific 
humidity (glkg) from the average summer Caribbean at- 
mosphere, 14-17 September 1958, for Kingston. 



Fig. 3 .  850-mb chart showing o (mb/hr) for  15 September 1958. 
Heavy l i n e  i s  wave ax i s .  Area of  map extends from 10' 
t o  25oN and over 15O longitude centered on the wave a x i s  
i n  the west-central Caribbean. 



Fig .  4a. Profiles of equivalent potential temperature against 
pressure at  Sabana de l a  Mar 12 hours before, a t  the 
time o f ,  and 12 hours after passage of the wave shown 
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Fig. 4b. Profiles of equivalent potential temperature at Kingston 
before and after passage of wave shown in Fig. 2c. 
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Fig. 5a. Pressure-time cross section of deviation of specific 
humidity (g/kg) from the average summer Caribbean at- 
mosphere, 2-5 October 1958, for Guantanamo Bay. 



Fig. 5b. Pressure-time cross sect ion of deviation of the s p e c i f i c  
humidity (glkg) from the average summer Caribbean at-  
mosphere, 2-5 October 1958, for  Kingston. 



Fig. 5c. Pressure-time cross section of deviation of the specif ic  
humidity (g/kg) from the average summer Caribbean at- 
mosphere, 2-5 October 1958, for Gran Cayman. Heavy arrow 
indicates time of passage of tropical s t o m  center across 
station. t 



Fig. 6a. Profile of equivalent potential temperature against 
pressure at Guantanamo Bay before and after passage 
of the wave shown in Fig. 5a. 
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Fig. 6b. Profile of equivalent potential temperature against 
pressure at Kingston before and after passage of the 

- wave shown in Fig. 5b. 
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Fig. 6c. Profile of equivalent potential temperature against 
pressure at Gran Cayman on 3 October 1958 and at 
passage of incipient hurricane on 5 October 00 GMT. 



Fig. 7. Chart showing smoothed surface distribution of specific 
humidity (glkg) 21 September 1959, 12 GMT. Heavy line 
is wave axis, heavy dot location of beginning hurricane 
center. Map extends from lo0 to 25ON and has a 150 
longitude interval centered on the wave axis in the 
west-central Caribbean. Arrows denote direction of 
relative motion streamlines at surface. 



Fig. 8. Evaporation (cm/day), average for all cases. Map extends 
from 100 to 25ON and over 15 degrees longitude centered 
on each wave axis. Top of diagram shows 2.5O-longitude 
distance, which was basic distance of computational grid 
used. 
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Fig. 10. Energy loss  or gain of surface a i r  (lom6 cal/g/sec) 
relative motion vectors at surface, 21-22 September 

and 
1959. 



Fig. 11. Energy loss  or gain of surface a ir  (low6 cal lglsec)  and 
r e l a t i v e  motion vectors a t  surface, 7-8 August 1964. 



Fig. 12. Energy loss or gain of surface air cal/g/sec) and 
relative motion vectors at surface, 13-14 September 1963. 



-6 Fig. 13. Energy loss or gain of surface air (10 cal/g/sec) and 
relative motion vectors at the surface, 3-4 October 1958. 



P a r t  I1 

VORTICITY BUDGETS DERIVED FROM CARIBBEAN DATA 

B.P. Pearce  

In t roduct ion  

Perhaps the  most important problem i n  t r o p i c a l  meteorology is  t h a t  

of determining the  p rec i se  r o l e  of cumulus and cumulonimbus convection 

i n  t h e  development and maintenance of la rger-sca le  d is turbances ,  such 

a s  Eas te r ly  waves. One of t h e  main obs tac les  t o  progress is  the  spar-  

c i t y  of synopt ic  data.  I n  an at tempt t o  i n v e s t i g a t e  t h e  ex ten t  t o  

which e x i s t i n g  da ta  can be  used t o  make some progress wi th  t h i s  prob- 

l e m ,  t he  f i v e  synoptic  periods comprising four teen  map periods mentioned 

e a r l i e r ,  were se l ec ted  f o r  ana lys i s  i n  the Caribbean area .  These con- 

s t i t u t e  t h e  b e s t  ava i l ab le  d a t a  coverage t o  d a t e  over an a r e a  l a r g e  

enough t o  resolve  a d is turbance  t h e  s i z e  of a t y p i c a l  Eas ter ly  wave. 

The da taavai lable  was t h a t  obtained from radiosonde ascents  to- 

ge ther  wi th  observations from su r face  s t a t i o n s ,  including sh ips .  A l -  

though i t  was a t  f i r s t  hoped t o  be a b l e  t o  make use of a l l  t h e  reported 

upper a i r  da ta ,  i . e .  winds, dewpoints, temperatures and i s o b a r i c  he igh t s ,  

t h e  l a t t e r  two were eventual ly  discarded a f t e r  s e v e r a l  a b o r t i v e  at tempts 

a t  smoothing. A t y p i c a l  example of t h e  kind of he ight  f i e l d  reported a t  

200 mb is shown i n  Fig. 1. The work described he re  is  an i n i t i a l ,  

purely kinematic ana lys i s  using t h e  observed winds; t h i s  is t o  b e  ex- 

tended t o  a hea t  budget ana lys i s  using the  balance equation t o  de r ive  

the  i s o b a r i c  he ight  and temperature f i e l d s .  The wind da ta  was subjec- 

t i v e l y  analysed a t  each of the  s tandard l e v e l s  1000, 850, 700, 500, 

300, 200, and 150 mb by drawing s t reaml ines  and i so tachs .  The speeds 

and d i r e c t i o n s  from N a t  po in t s  on a 7 x 7 i s o b a r i c  g r i d  (mesh length  

2$O longi tude ,  approximately 250 km) were read i n t o  a computer, which 



ca l cu la t ed  W-E and S-N components a t  each po in t .  These components were 

then  each smoothed i n  t h e  v e r t i c a l  a t  each g r i d  p o i n t  t o  remove small 

v e r t i c a l  i ncons i s t enc i e s .  The method used f o r  t h i s  smoothing process ,  

which enabled t h e  main t r ends  in t h e  d a t a  t o  b e  preserved,  is  discussed 

i n  t h e  next  s e c t i o n .  
. .- - -- . - -- 

Two methods f o r  ob ta in ing  v e r t i c a l  v e l o c i t i e s  were t r i e d  i n i t i a l l y .  

The f i r s t  (A) is based on t h e  v o r t i c i t y  equat ion 

- - -  where 3 i s  - -  t h e  abso lu t e  - - - --. v o r t i c i t y ,  - - -- - v t h e  - -  wind - - v e l o c i t y  and V t h e  

g rad ien t  opera tor  i n  an  i s o b a r i c  su r f ace ,  p  i s  t h e  p re s su re ,  t t h e  

t i m e  and w = dp/d t .  I f  convected coord ina tes  are used ( t h e s e  coord- 

i n a t e s  having t h e  proper ty  t h a t ,  r e l a t i v e  t o  them, t h e  t i m e  d e r i v a t i v e s  

of t h e  system being analysed a r e  a s soc i a t ed  only wi th  changes of shape 

and n o t  wi th  propagation) then ,  i f  t h e  convection v e l o c i t y  is  % , 
Eq.  (1) may be  w r i t t e n  i n  t h e  approximate form 

where v = v - v . The wind f i e l d  d a t a  y i e l d s  v+ and 5 a t  t h e  
--R - -C 

6 x 6 g r i d  of po in t s  i n t e r l a c i n g  t h e  b a s i c  7 x 7 g r i d  and hence v+ Or; 

on t h e  inne r  5 x 5 network of b a s i c  po in t s .  P u t t i n g  w = 0 at 

P ' Po = 1000 mb (an approximation c o n s i s t e n t  w i th  t h e  use  of con- 

vected coordinates)  and i n t e g r a t i n g  (2)  then g ives  

The second method (B) w a s  simply t o  i n t e g r a t e  t h e  c o n t i n u i t y  

equat ion ,  



giving 

Method A has the advantage t h a t  v o r t i c i t i e s  a r e  general ly more 

accura te ly  ca lcula ted  than divergences ( the  components ux and v 
Y 

of the  l a t t e r  usually having almost the  same magnitude bu t  opposite  

s i g n s ) .  On the  o the r  hand, method B i s  based on the  cont inui ty  equa- 

t ion ,  which i s  v i r t u a l l y  exact ,  whereas method A is  based on the vor- 

t i c i t y  equation (2) which takes no account of v o r t i c i t y  changes as- 

socia ted  with momentum transfer arising from the presence of subgrid 

s c a l e  convection. A more appropriate form of Eq. (2) applicable t o  

s i t u a t i o n s  i n  which these  convection e f f e c t s  make an important contrib- 

u t ion t o  the  v o r t i c i t y  changes on the  synoptic s c a l e ,  a s  seems l i k e l y  

t o  be the  case i n  the  t rop ics ,  i s  

where the  t i l d e  denotes an average i n  an i s o b a r i c  su r face  over an a rea  

Ax Ay , Ax and Ay being g r i d  lengths i n  t h e  W-E and S-N di rec t ions ,  

and the  prime denotes the l o c a l  departure from t h e  average. T denotes 
the  contribution from the  twis t ing  terms. 

Since one aim of the  analys is  i s  t o  inves t iga te  how momentum trans-  

f e r  associated with subgrid s c a l e  convection might be  incorporated i n t o  

a numerical model of an Easterly wave, it is c l e a r  t h a t  using method A .. 
t o  est imate w can lead t o  no deductions concerning small-scale momen- 

tum t rans fe r  s ince  t h i s  i s  impl ic i t ly  assumed t o  be zero. I t  was 

therefore  decided t o  attempt t o  r e f i n e  method B and t o  use values of -. 
w deduced using Eq. (4) t o  est imate the  r e l a t i v e  magnitudes of the  

individual  terms on the  l e f t  hand s i d e  of Eq. (5) and the  sum of those 

on the  r i g h t  hand s i d e .  I f  there  should emerge consis tent  trends 



over a  number of map ana lyses ,  which is  about a l l  one could reasonably 

hope f o r  i n  view of t h e  e r r o r s  i n  synop t i c  d a t a ,  t h e s e  t r ends  would 

provide a t  l e a s t  some i n d i c a t i o n  of t h e  importance of t h e  con t r ibu t ion  

t o  t h e  synoptic-scale  v o r t i c i t y  f i e l d  of e f f e c t s  descr ibed  by t h e  cor- 

r e l a t i o n  terms on the  riglit-hand side of E q .  (5) .  These r e s u l t s  would 
- - -  - - ~ - - - - - , - - - - -  

then form a b a s i s  f o r  a r e a l i s t i c  parameter i sa t ion  of these  e f f e c t s  i n  

terms of synopt ic -sca le  q u a n t i t i e s .  

The r e s u l t s  of t h i s  i n v e s t i g a t i o n  a r e  descr ibed  and d iscussed  be- 

low. The genera l  t rend  of the  c o r r e l a t i o n  terms near  t h e  axes of t h e  

d is turbances ,  whether they eventua l ly  develop i n t o  hu r r i canes  o r  no t ,  

i s  towards reduct ion  of t h e  la rge-sca le  v o r t i c i t y  i n  t h e  upper and 
- - --A -- - -- - - - - - - - - -  -- - 

lower t roposphere and towards some i n c r e a s e  of v o r t i c i t y  i n  t h e  middle 

troposphere.  The magnitude of t hese  terms is  t h e  same as t h a t  of t h e  

terms on t h e  lef t -hand s i d e  of Eq. (5) . 
The f i n a l  p a r t  of t h e  paper conta ins  a d i scuss ion  of t h e  phys i ca l  

i n t e r p r e t a t i o n  of t hese  terms, lead ing  t o  a re formula t ion  of t h e  

v o r t i c i t y  equat ion  i n  terms of t h e  v o r t i c i t y  d i s t r i b u t i o n  i n s i d e  cum- 

. ulonimbus clouds,  which is then est imated from t h e .  da t a .  

V e r t i c a l  Smoothing of t h e  Data 

Whereas h o r i z o n t a l  consis tency of wind d a t a  is ensured by t h e  use  

of s tandard  s u b j e c t i v e  a n a l y s i s  techniques a p p l i e d  a t  each s t anda rd  

pressure  level,  no at tempt  a t  v e r t i c a l  smoothing is at tempted a t  t h e  

map a n a l y s i s  s t a g e ,  i .e .  t h e  inpu t  d a t a  t o  t h e  computer (wind speeds 

i n  k t s  and d i r e c t i o n s  from N) is  h o r i z o n t a l l y ,  b u t  n o t  v e r t i c a l l y ,  

smoothed. A technique f o r  e l imina t ing  such v e r t i c a l  i r r e g u l a r i t i e s  i n  

t h e  wind components, which does no t  suppress  t h e  main t rends  i n  the  

v e r t i c a l  p r o f i l e s  , w a s  devised.  This c o n s i s t s  of approximating t h e  

d a t a  by f i t t i n g  by l e a s t  squares  t h e  piecewise continuous polynomial 

func t ions  ( s p l i n e  func t ions)  which seems t o  have been f i r s t  suggested 



by Fowler and Wilson (1962). The f u n c t i o n a l  form used f o r  the  wind 

components w a s  

- _ _  x---- - - --- - 

where q = 10 - p/lOD wi th  p i n  mb and al, a2, ag, a4 and a a r e  5 

parameters determined by t h e  requirement t h a t  C ( G -  u , ) ~  b e a  
I 

-.-- -- - ad-- --.- ---- - 
---- A- 

minimum; t h e  summation i s  taken over  t h e  7 d a t a  va lues  a t  850, 700, 500, 

300, 200, 150 and 100 mb. ( m e  components (uo, v0) a t  1000 mb which 

were based on a d d i t i o n a l  s u r f a c e  observa t ions  were assumed t o  be  cor-  

r e c t ) .  The computer t i m e  involved i n  determining t h e  parameters al 

t o  a f o r  each v e r t i c a l  column is n e g l i g i b l e  i f  t h e  ma t r ix  of t h e i r  5 
c o e f f i c i e n t s  i n  t he  l i n e a r  simultaneous equat ions they s a t i s f y  is  in- 

ve r t ed .  

- 
The piecewise defined func t ion  u (q) is  he re  chosen t o  be  con- 

t inuous and have a continuous f i r s t  d e r i v a t i v e  a t  each of t h e  ' j o i n s  ' 
a t  q = 5, 7 and 8.5. These l e v e l s  were chosen empi r i ca l ly ,  bu t  w i t h  

t h e  purpose of enabl ing  t h e  b e s t  r e s o l u t i o n  of t h e  d a t a  t o  b e  ob ta ined  

a t  upper l e v e l s  where maxima and minima tend t o  occur.  The advantage 

of using such func t ions  is t h a t  by s u i t a b l y  choosing t h e  l e v e l s  a t  

which h igher  d e r i v a t i v e s  ( i n  t h i s  ca se  the  second d e r i v a t i v e s )  change 

d iscont inuous ly ,  t h e  meteoro logica l ly  s i g n i f i c a n t  bu t  sha rp  changes c a n  

s t i l l  be preserved i n  some reg ions  ( f o r  i n s t ance ,  nea r  t h e  t ropopause)  

while ,  a t  t h e  same time, o v e r a l l  g radual  changes a t  o t h e r  levels ( e . g .  

up t o  500 mb) are re t a ined .  It is n o t  p o s s i b l e  t o  do t h i s ,  with the  

same number of parameters,  i f  one t r i e s  t o  f i t  a func t ion  wi th  a l l  i t s  

d e r i v a t i v e s  continuous everywhere, such as, f o r  i n s t ance ,  a q u i n t i c  



polynomial. I n  a series o t  tests f i t t i n g  polynomial and s p l i n e  func- 

t ions  t o  i sobar ic  height  devia t ions  from a standard t r o p i c a l  atmosphere, 

the  root  mean square deviat ions obtained using a s p l i n e  function s i m i -  

l a r  t o  t h e  above were consis tent ly  about ha l f  those obtained using a 

qu in t i c  polynomial. 
. -- - -_-_- _ ----" ---- -.. .. .. 

A typ ica l  set of components and t h e i r  associa ted  s p l i n e  funct ion 

i s  shown i n  F ig .  2.  The e f f e c t  of smoothing with the  more conventional 

polynomial using the same number of parameters i s  a l s o  shown f o r  com- 

parison. 

-- 
Computation-orthe W-r T'El3lS---- ----__ _--- - - 

Values of au/ax + av/ay are given by simple d i f ferences  a t  t h e  

points  forming a 6 x 6 g r i d  i n t e r l a c i n g  t h e  b a s i c  7 x 7 g r id .  Averag- 

ing  these values four  a t  a t i m e  then y i e l d s  estimates of the  divergence 

a t  t h e  inner 5 x 5 points  of t h e  b a s i c  gr id .  I f  these  divergences are 

in tegra ted  through each column t o  es t imate  w (Eq. ( 4 ) )  using simply 

t h e  boundary condit ion 

the  w-fields a t  upper l eve l s  a r e  highly u n r e a l i s t i c ,  p a r t i c u l a r l y  i n  

t h e  lower s t ra tosphere  where i t  is known t h a t  synoptic s c a l e  v e r t i c a l  

motions rapidly  decrease i n  amplitude. The cons t ra in t  

was therefore  imposed i n  t h e  numerical in tegra t ion  of Eq. ( 4 )  and in- 

corporated i n t o  i t  by regarding the  divergences a t  each l e v e l  i n  each 

v e r t i c a l  column as da ta  values subject  t o  e r r o r .  These were f i t t e d  by 

an approximating funct ional  form. Again, t rends were preserved as f a r  

as poss ib le  by using the  s p l i n e  function representat ion.  



with - 

Bere,the notation H(q - qi) means 

2 
and H(q - qi) means 

(with acknowledgements to Heaviside) . 
- 2, 

Thus u, - a w - are continuous functions of p but is discontinuous 
a P - a P 

at 500, 200 and 150 mb; w is zero at 1000 mb and at 100 mb. The 

parameters al, a2, a3 and a4 are computed by solving the set of 

simultaneous equations (by matrix inversion) arising from the conditicrr. 
-8 ' - 

a w that C (- - D v.)'  should be a minimum. 
as 1 is1 

A typical set of computed divergences and their associated spline 

function representation is shown in Fig. 3. 



A t y p i c a l  w-field computed by t h i s  method is shown i n  Fig.  4 .  

The r e l a t i v e  wind d i s t r i b u t i o n  f o r  t h i s  occasion and i t s  associa ted  

v o r t i c i t y  f i e l d  a r e  shown i n  Figs.  5 and 6 ,  and these  a r e  t y p i c a l  of 

most of the  cases  s tudied .  

The Computed V o r t i c i t y  Budgets 

The r e s u l t s  f o r  t h e  f i v e  synopt ic  case s t u d i e s  a r e  presented i n  

Figs. 8-12. Each c o n s i s t s  of two, th ree  o r  four  map periods and f o r  

each map period t h e r e  a r e  shown f i v e  v e r t i c a l  d i s t r i b u t i o n s .  These 

d i s t r i b u t i o n s  a l l  r e f e r  t o  averages over the  c e n t r a l  3 x 3 g r i d  of b a s i c  

--j%EEF(iippti3i; f ~ ~ ~ r m )  2)-rZi=rbss w%Xch -the -axis of the s y n a p t i c  dis- 

turbance l i e s  ( t h e  N-S edges of t h e  7 x 7 g r i d  were va r i ed  from one map 

period t o  another  t o  s a t i s f y  t h i s  requirement).  The f i r s t  v e r t i c a l  

d i s t r i b u t i o n  shown f o r  each map period i s  t h e  abso lu te  v o r t i c i t y ;  t h e  

next t h r e e  a r e ,  r e spec t ive ly ,  v e r t i c a l  inf low , l a r g e e c a l e  genera t ion  

and hor i zon ta l  inf low of v o r t i c i t y  i n t o  u n i t  v e r t i c a l  columns (shown 

schematical ly i n  Fig.  7 ) .  These q u a n t i t i e s  a r e  p l o t t e d  a s  a funct ion  

of the  pressure  a t  t h e  top of t h e  column. They have been computed, 

r e spec t ive ly ,  a s  i n t e g r a l s  with r e spec t  t o  p/g of t h e  terms on t h e  

left-hand s i d e  of Eq. ( 5 ) ,  i .e.  t h e  f i r s t  t h r e e  terms i n  t h e  equation 

Here t h e  t i l d e  denotes an average i n  an i s o b a r i c  s u r f a c e  covering t h e  

c e n t r a l  3 x 3 g r i d  of poin ts ;  Fo is  the  f l u x  of v o r t i c i t y  i n t o  t h e  

column associa ted  wi th  t h e  su r face  boundary l a y e r  and has been computed 

from t h e  empir ica l  r e l a t i o n  

F = -  
0 

where c is t h e  drag c o e f f i c i e n t  (taken a s  1.5 r t h e  wind 
D 



2 
componekts being i n  ,-I) and V2 = u2 + v = - v2 ; R '  dri.ctes tlls 

terms on the  right-hand s i d e  of Eq. (5).  With the  u n i t s  used here,  

these  in tegra ted  quan t i t i e s  may be regarded as contr ibut ing t o  twice 
- 1 

the  r a t e  of change of angular momentum, i n  gms per hour, of a u n i t  

column of sec t ion  one square meter. 
- - - - ---- -- . . - - - - -  - -. - - 

The i n t e g r a l s  of the twis t ing  terms omitted from the  a p p r o x i ~ z t t  

a' a' a' were a l s o  computed and v o r t i c i t y  equation (5), i.e. - - - - - - ap ax ap ay 
found t o  be appreciably smaller than the  o ther  terms. These terms 2nd - 
- a R c / a t  a r e  denoted by X 

(PI 
i n  Eq. (9) but  computed values are aot 

shown e x p l i c i t l y  here. 

The f i f t h . c ~ f  the  sequences of f i v e  graphs i n  F i s s .  8-12 r e p ~ e s e n t s  - 

the  i n t e g r a l  on t h e  right-hand s i d e  of Eq. (9) i .e.  the  in tegra ted  ratL 

of production of v o r t i c i t y  required t o  balance the  sum of the  four t e n ~ s  

on t h e  left-hand s ide .  This i s  re fe r red  t o  a s  the  small-scale gemra- 

t i o n  rate. Reading across the  l a s t  four graphs a t  any given pressure,  

the  a lgebra ic  sum of the  quan t i t i e s  represented is approximately zero, 

any di f ferences  from zero being a t t r i b u t a b l e  t o  the  terms involved ., 
aRc/ a t and the  twis t ing  e f f e c t  . 

The slopes of these  last four graphs i n d i c a t e  the  contributions 

t o  t h e  v o r t i c i t y  budget of the  u n i t  column made by t h e  individual  lay- 

ers of the  atmosphere. Thus, where t h e  upwards s lope  is t o  the  r i g h t  

i n  t h e  l a s t  of the  f i v e  graphs, a small-scale generation of pos i t ive  

(cyclonic) v o r t i c i t y  a t  t h a t  l e v e l  is  implied; where i t  is  upwards t o  

t h e  l e f t ,  the  implicat ion is  of small-scale generat ion of a n t i c y c l o ~ i c  

v o r t i c i t y .  The l a t t e r  could a l t e r n a t i v e l y  be regarded a s  a reductism 

of cyclonic v o r t i c i t y  at  t h e  l e v e l  considered. (One is  tempted t o  

use the  term d i s s ipa t ion  ins tead of reduction, but t h i s  is  usually 

taken t o  imply t h a t  t h e  process can be descri5ed i n  terms of a coef-. 

f i c i e n t  of eddy v i scos i ty  combined with derivatives of the  mean f iell , 
and i t  is  not intended t o  imply t h i s  i n t e r p r e t a t i o n  here.)  



Discussion 

(a) Accuracy of Resul t s  

C lea r ly  t h e  e r r o r s  i n  t h e  a n a l y s i s  a r e  dominated by e r r o r s  i n  t h e  

w- and 3- f ie lds .  Although t h e  w-fields are r e a d i l y  ana lysab le  a t  

--each p r e s s u r e  l e v e l  and look encouragingly r e a l i s t i c  ( t h e  q u a l i t y  of 

t h e  f i e l d s  reproduced i n  Fig. 4 is  r e p r e s e n t a t i v e  of t h e  whole s e t ) ,  i t  - 

would no t  be  j u s t i f i a b l e  t o  regard i n d i v i d u a l  gr id-point  va lues  of w 

as being accu ra t e  t o  more than about - + 3 mb hr-' a t  700 and 300 mb and 

+ 5 mb hr-I a t  500 mb. - 

The impl ica t ions  of e r r o r s  of t h i s  s i z e  on t h e  accuracy of t h e  

-computed small-scale  v o r t i c l t y  genera t ion  rates can be  roughly estim- 

a t e d  as fol lows.  It is  f i r s t  of a l l  no t i ced  t h a t  t h e  mass divergence .. 
f i e l d  has  been balanced by computing t h e  w-field us ing  Eq. ( 4 ) ,  and 

t h a t ,  s i n c e  V - v has been assumed t o  vary  l i n e a r l y  (piecewise)  w i th  

p , no t r u n c a t i o n  e r r o r s  have been introduced i n  t h e  eva lua t ion  of t h e  

terms i n  Eq. (9) t o  upse t  t h i s  mass ba lance .  Thus no e r r o r s  i n  t h e  - ." 
r e s i d u a l  a r e  introduced through t h e  sum of t h e  components 5 aw/ap -- - - 
( a f f ec t ing  t h e  f i r s t  term of Eq. (9) )  and 5 V ( a f f e c t i n g  t h e  

- 
t h i r d  term),  whatever t h e  e r r o r s  are i n  w . 

Next it  is  seen  t h a t  t h e  sum of t h e  f i r s t  term (without Po) 
and 

t h e  second i n  Eq. (9)  is, on t h e  h o l e ,  q u i t e  small compared wi th  t h e i r  

i n d i v i d u a l  va lues .  This is  t o  be expected,  s i n c e  t h e  sum is 

, i . e .  t h e  i n t e g r a l  of t h e  r a t e  of v e r t i c a l  advec t ion  of i.";ig 
v o r t i c i t y ,  which is well-known t o  be small compared wi th  t h e  h o r i z o n t a l  

advect ion rate on t h e  synopt ic  s c a l e .  Except a t  l e v e l s  above 500 mb, - 
a ~ / a p  is  usua l ly  very s m a l l ,  as ind ica t ed  by t h e  f i r s t  of t h e  graphs,  

-, 

s o  t h a t  e r r o r s  i n  w cannot a f f e c t  t h e  r e s i d u a l  very much through t h i s  

term. Taking, f o r  i n s t ance ,  



a r - = 0.3 x (100 rnb)-l, 6; = 2 mb hr-I ( the  e r r o r  i n  
ap 
averaged over 9 grid-points assumed the  same a t  a l l  l e v e l s ) ,  the  e r r o r  

i n  the  in tegra ted  small-scale generat ion r a t e  a t  200 mb is  -0.48 u n i t s ;  

a t  500 mb i t  is  -0.30 u n i t s .  

- 
The main e f f e c t  of e r r o r s  i n  w i s  therefore  through t h e  component 

fPO 
- / C - d -* of t h e  t h i r d  term in--Eq. -9. This  i s  simply- the  

-R g 

same a s  t h e  second term, i . e .  . With 6; = 3 mb hr - I  
____ _" _ _____________________-____ 

a t  500 mb, ; = 5 x s-I , t h e  e r r o r  i n  the  in tegra ted  small-scale 

generation r a t e  a t  500 mb i s  -1.5 un i t s ;  i t  decreases above and below 

t h i s  l eve l .  

The other  source of e r r o r  is  t h e  component 

of the  t h i r d  term i n  Eq. (9). With v+ of magnitude 15 ms-I and V; 

i n  e r r o r  by f per  500 lan, t h e  e r r o r  i n  the  small-scale generation r a t e  

a t  500 mb due t o  t h i s  term is of magnitude 3 un i t s .  

These estimates of l i k e l y  extreme values of e r r o r  suggest  t h a t  t h e  

estimates of small-scale generation r a t e s  of v o r t i c i t y  f o r  i n d i v i d u a l  

occasions i n  Figs. 8-12 should be regarded as sub jec t  t o  e r r o r s  of 

magnitude of about - + 5 un i t s .  It is  therefore  poss ib le  t o  draw con- 

elusions from such est imates only on t h e  bas i s  of s t a t i s t i c a l l y  sig- 

n i f i c a n t  t rends ,  and conclusions drawn from t h e  present  small sample 

of occasions can s t r i c t l y  only be regarded as t e n t a t i v e .  



(b) The Five Synoptic Periods 

These a r e  f i r s t  of a l l  considered separa te ly .  A f e a t u r e  of a l l  

the r e s u l t s  i n  Figs. 8-12 which i s  worth bearing i n  mind, however, i s  

t h a t  the  values of v e r t i c a l  inflow of v o r t i c i t y  almost o f f s e t  the  val- 

- ues.-of t h e  large-scale generat ien r a t e  a t  each l e v e l  (second and t h i r d  

graphs) and t h a t  the  values of small-scale generat ion r a t e  almost off-  

s e t  those of the  hor izonta l  inflow. This is  i n  accordance with t h e  
-, 

conclusions of the  ana lys i s  i n  the l a s t  sec t ion.  Also, s ince  F does 

not a l t e r  i n  s i z e  with height ,  the  in tegra ted  v e r t i c a l  inflow curve 
* 

(second graph, ignoring Po) c lose ly  resembles t h e  curve of w ; 4 - 1 
u n i t s  can be regarded a s  representing approximately 8 mb h r  . 

- -- - - - -  - 

To understand the  orders  of magnitude of t h e  changes being discus- 

sed,  it is  worth noting t h a t  twice the  absolute angular ve loc i ty  of an 

atmospheric column of cross  sec t ion  one m2 extending from t h e  surface  
-5 -1 

t o  500 mb is approximately 250 gm ( taking T; = 5 x 10 s . A value  

of 2.5 gm s-l hr-' m-2 a t  500 mb of any of the  q u a n t i t i e s  represented 

i n  the  last four graphs i n  Figs. 8-12 thus represents  an increase  of 

twice the  absolute angular ve loc i ty  of the  column up t o  500 mb of 1% 

per hour. 

Case 1, 7-8 August 1964: A 'cold-core' disturbance progressed - 1 s t e a d i l y  westwards across  t h e  Caribbean a t  about 8-10 m s  . The dis-  

turbance maintained a r e l a t i v e l y  steady state and the re  was  no s i g n  of 

the  formation of a hurricane vortex. The computed f i e l d s  a t  7 August 

0000 and 8 August 0000 a r e  broadly s imi la r ,  bu t  t h e  one a t  7 August 

1200 shows only small v e r t i c a l  motions. These d i f ferences  a r e  pre- 

sumably ind ica t ive  of e r r o r  i n  the  analys is .  A l l  t h r e e  cases show an 

o v e r a l l  reduction of v o r t i c i t y  due t o  sub-grid s c a l e  convection, most 

of t h i s  occurring a t  lower and upper l eve l s .  A t  middle l e v e l s  the re  

i s  some evidence of v o r t i c i t y  increase associa ted  with convection ef-  

f e c t s .  



Case 2 ,  15 September 1958: This was another steady-state disturb- 

ance, s l i g h t l y  cold-core below 500 mb, but  with a s t rong outflow an t i -  

cyclone a t  200 mb. This system progressed s t e a d i l y  westwards a t  about - 1 
9 m s  without developing a hurricane vurtex,  although a t  one s t age  

there  was evidence of a closed c i rcu la t ion  on the  surface  char t  and a re- 

connaissance mission was sent  out t o  t h e  area sou th  of Hispanola. ." 
a ~ / a p  i s  l a rge r  here  than i n  Case 1 and increased s l i g h t l y  over the  

12-hour period shown. To balance the  v o r t i c i t y  budget i t  is  necessary 

t o  invoke a l a r g e  r a t e  of reduction of v o r t i c i t y  associa ted  with sub- 

g r id  s c a l e  e f f e c t s  a t  a l l  l eve l s .  

Case 3, 3-5 October 1958: This was an occasion on which a hurr i -  

cane vortex formed near the  center  o f  the  region towards the end of the  
-1 

period s tudied,  t h e  Easterly wave progressing westwards a t  8 m s  and 

slowing down. The average v o r t i c i t y  over the  region is  seen t o  in-  

crease below 500 mb and decrease somewhat a t  upper l e v e l s  during t h e  

l a s t  12-hour period shown. A l l  four analyses show average ascending 

motion over the  region (second graph). Also, a l l  four graphs show a 

reduction of v o r t i c i t y  associated with small-scale e f f e c t s  i n  the  l ayer  

below 700 mb and, apar t  from the  l a s t  of t h e  map periods,  an increase  

i n  the  middle l ayers .  The l a s t  two i n d i c a t e  a f u r t h e r  reduction a t  

upper l e v e l s ,  a pronounced e f f e c t  i n  t h e  l a s t  case. 

Case 4 ,  21-22 September 1959: This wave, moving westward a t  - 1 9 m s  , a f t e r  severa l  abor t ive  attempts eventually developed i n t o  a 

hurricane vor tex  i n  the  NE quadrant of t h e  7 x 7 g r id  a t  the  end of t h e  

period s tudied.  The c e n t r a l  a rea  of the  g r id  does not therefore  cover 

the  main region of development and t h i s  is perhaps why a l l  t h e  d i s t r i b -  

u t ions  shown a r e  r a t h e r  weak. It is i n t e r e s t i n g  t h a t  the  bas ic  graph 

f o r  the  last map period when the  vor tex  had formed shows a l a r g e  reduc- 

t i o n  of v o r t i c i t y  a t  upper l eve l s  s i m i l a r  t o  t h a t  i n  the  corresponding 

graph i n  Case 3. 



Case 5, 13-14 September 1963: This  was t h e  r a t h e r  exceptional  

'warm core '  wave previously s tud ied  by Elsberry (1965). Its fundment- 

a l l y  d i f f e r e n t  dynamical s t r u c t u r e  from t h e  o the r  four  cases is re- 

f l e c t e d  i n  t h e  f i r s t  graph, showing an inc reas ing  absolu te  v o r t i c i t y  a t  

upper l e v e l s  with a we l l  marked minimum a t  500 mb. Also the  l e v e l s  

above-jij0 mb a r e  iubsiding (second graph) over the  s l i g h t l y  ascending 

lower troposphere i . e .  t he re  is  hor i zon ta l  divergence i n  the  middle 

troposphere associa ted  wi th  convergence both above and below. It is 

the re fo re  unl ike ly  t h a t  convective a c t i v i t y  extended above 500 mb and 

cloud r e p o r t s  i n d i c a t e  t h a t  t h i s  was t h e  case.  This example can be  

regarded a s  a t e a t  of t h e  method of ana lys i s ,  s i n c e  wi th  no convective 

-- a c t i v i t y  above 500 mb t h e  last of t h e  graphs should  both be p a r a l l e l  

t o  the  pressure  a x i s  above 500 mb. Before the  twi s t ing  terms were 

computed both showed an upward s lope  towards t h e  rkght  of about t h e  

same magnitude a s  t h e  lower s lope  t o  t h e  l e f t ,  i nd ica t ing  small-scale 

v o r t i c i t y  generat ion;  inc lus ion  of t h e  twi s t ing  terms has s t i l l  l e f t  

a s lope  t o  t h e  r i g h t  which must be a t t r i b u t e d  t o  e r r o r .  Below 500 mb 

the  curves suggested a reduction of v o r t i c i t y  a s soc ia t ed  wi th  sub-grid 

s c a l e  convection. 

(c) phys ica l  ~ n t e r ~ r e t a t i o n  

It has been suggested by s e v e r a l  au thors  (e.g. Riehl  and Malkus, 

1958) t h a t  t h e  ascent  of a i r  associa ted  wi th  synoptic-scale low-level 

convergence and high-level  divergence i n  t h e  t r o p i c s  takes p lace  almost 

e n t i r e l y  i n  cumulonimbus (so-called ho t  towers) and t h a t  the  bulk of 

the  a i r  a t  middle l e v e l s ,  i .e .  i n  t h e  c l e a r  a i r  between t h e  cumulo- 

nimbus, does not  ascend and may, indeed, b e  slowly descending. This .. 
physical  p i c t u r e  implies  t h a t  negat ive w f i e l d s ,  computed from 

synoptic-scale hor i zon ta l  divergences, i n d i c a t e ,  no t  large-scale re- 

gions of ascent ,  but  d i f ferences  of concentrat ion of cumulonimbus; 

when t h i s  concentrat ion is  l a r g e  i n  a given g r i d  square compared wi th  

the  surrounding g r i d  squares a n e t  lower l e v e l  convergence and upper 



l e v e l  divergence i n t o  the  c e n t r a l  g r i d  square is observed. This i s  

c l e a r  i f  one considers, f o r  instance,  a 3 x 3 group of adjacent  g r i d  

squares,  the  inner one having n + m hot  towers and t h e  o the r  e ight  

each having n . Suppose t h a t  t h e  densi ty  of n cumulonimbus per 

g r i d  square extends i n  a l l  d i rec t ions  outwards from t h e  region con- 

sidered.  Then the re  must be a net  lower l e v e l  convergence and upper 

l e v e l  divergence i n t o  the  inner g r i d  square associated with t h e  m 

e x t r a  cumulonimbus it contains. The opposite  occurs i f  m is  negative. 

A s  a numerical example, suppose n = 20 per  g r id  square of s i d e  250 km 

i.e. t h e  cumulonimbus a r e  general ly about 60 km apar t ,  whereas i n  t h e  

c e n t r a l  square they a r e  30 km a p a r t  i .e. m = 60. Further suppose t h a t  

t h e  ascending towers have an average cross  sec t ion  of 3 sq km a t  500 mb 
-1 - 1 and r i s e ,  on average, a t  10 m s  , i . e .  approximately 2000 mb h r  . As- 

suming t h a t  a l l  t h e  c l e a r  a i r  a t  t h i s  l e v e l  i s  a t  r e s t , - s i n c e  t h e  r i s i n g  - 
." - 1 towers occupy 0.3% of t h e  a rea ,  w = 6 mb h r  . The w '  f i e l d  (Eq. 5) 

." 

thus has very l a r g e  values of approximately 300 o i n  t h e  cumulonimbus ." 
towers and a value of about - w i n  the  c l e a r  a i r .  

To understand the  implicat ions of t h i s  d i s t r i b u t i o n  of v e r t i c a l  

v e l o c i t y  and the  associated divergence and v o r t i c i t y  a s  they a f f e c t  t h e  

v o r t i c i t y  budget computation ca r r i ed  out  above, i t  is  convenient f i r s t  

t o  consider the  consequences of in tegra t ing  t h e  hor izonta l  momentum 

equation i n  t h e  form 

taking i ts tangent ia l  component, round a contour i n  an i sobar ic  surface  

(height h) surrounding a s i n g l e  representa t ive  cumulonimbus c e l l  con- 

t a in ing  a c e n t r a l  updraught surrounded by a descending environment (see 

Fig. 13 f o r  the  flow envisaged i n  a v e r t i c a l  sec t ion  through the  a x i s  

of such a c e l l ) .  I f  6, and we denote values of 5 and w repre- 

s e n t a t i v e  of the  boundary, and c and d denote respect ively  t h e  c i r -  

cu la t ion  and divergence a t  t h e  boundary, t h i s  in tegra t ion  y ie lds  



ac a c 
- + w  - + t e d E O ,  a t  e a p  

which i s  a form of t h e  c i r c u l a t i o n  theorem. (The same r e s u l t  i s  ob- 

t a ined  i f  the  v o r t i c i t y  equation, wr i t t en  i n  t h e  form 

which includes the  twis t ing  terms, is  in tegra ted  over t h e  area contained 

by t h e  contour).  

I f  a g r i d  square is regarded a s  comprising a number (n, say) of 

such representa t ive  cells, packed without any gaps between them, such 

an in tegra t ion  round each c e l l  is  equivalent t o  in tegra t ion  round t h e  

g r i d  square, and Eq. (12) becomes 

a c a c - + a  - + G e D = O  a t  e a p  

where C and D denote, respect ively ,  t h e  c i r c u l a t i o n  and divergence 

round t h e  boundary of t h e  g r i d  square. Dividing Eq. (13) .by t h e  area  

of t h e  g r i d  square gives 

where 

' This, therefore ,  is the  form of the  v o r t i c i t y  equation which is  appro- 

p r i a t e  t o  describe a cumulonimbus population, r a t h e r  than Eq. (1) with 



.. .. .. 
5 , and to taken a s  5 , and w . The di f ferences  between the 

two formulations arise from (a) including t h e  twis t ing  terms, which 

a r e  important on t h e  s c a l e  of t h e  cumulonimbus s i n c e  Vw is  l o c a l l y  .. .. 
l a rge  and (b) d is t inguishing c l e a r l y  between w and 5 on the  one 

hand and we and ce on the  o ther .  For t h e  flows indicated i n  F ig .  
-. 

13, toe 
is  pos i t ive ,  whereas the  ne t  lower l e v e l  convergence and upper - 

l e v e l  divergence imply t h a t  w i s  negative. It is  reasonable t o  ex- 
., 

pect 5, t o  be smaller than t , at  least i n  t h e  lower layers ,  s i n c e ,  

a s  has been pointed out  above, -convergence- must" concentrate the  vor- 

t i c i t y  a t  t h e  storm ax i s .  

I f  t h e  computed res idua l s  a r e  now examined q u a l i t a t i v e l y  i n  t h e  
-?- - --- -- - - - -- - - --- ----- - 
l i g h t  of t h i s  new formulation, r e s t r i c t i n g  considerat ion t o  cases 1, 2 

and 3, which a r e  t h e  only ones with o < 0 through most of the  tropo- 

sphere, t h e  f e a t u r e  mentioned above, t h a t  t h e  res idua l  values l a r g e l y  

o f f s e t  the  hor izonta l  inflow values, becomes highly s i g n i f i c a n t .  It 

suggests t h a t  the  hor izonta l  inflow values have been much overestimated ., .., 
a s  a r e s u l t  of t r e a t i n g  the  last term i n  Eq. (14) e f f e c t i v e l y  a s  SD 

., - 
instead of geD i .e. t h e  res idua l s  suggest t h a t  re/& could be q u i t e  

small. 

This q u a l i t a t i v e  i n t e r p r e t a t i o n  of the  r e s u l t s  suggested t h a t  t h e  

computed res idua l  should be used t o  estimate ce values consis tent  

with Eq. (14), f o r  some assumed values of ue . Such a computation 

has been ca r r i ed  ou t  on a desk ca lcu la to r ,  i t  being assumed, f o r  con- 

venience, t h a t  

where 
nl ' n2 

a r e  constants .  The formula used f o r  t h i s  purpose w a s  



Po - - 
where g1 -1 R v  dp and g I 1  =I0 & dp - oc , both of these  

ap 

quan t i t i e s  being ava i l ab le  as computer output.  (A  denotes a f i n i t e  d i t -  - 
ference operator .  A t  middle l eve l s  where Ao i s  small, r a t i o s  of sec- 

ond di f ferences  were used.) 

-, 

Values of 5 1 3  (= n (p))  f o r  each l ayer  of t h e  atmosphere were e 2 
tabulated f o r  nl = 0,  1 and 2 using Eq. 18. These layer  values were 

then averaged, weighted according t o  l ayer  thickness,  t o  give represen- 

t a t i v e  values of n2 f o r  the  whole atmosphere. Since, f o r  each l ayer ,  .. 
Eq. 18 (with ce put equal t o  n2 C)  is l i n e a r  i n  n. and n2(p), n2, 

the  average value,  is a l i n e a r  function of nl . 
Figure 14 shows n2 ( for  t h e  range 0 c n c 1 a s  a function of - 2 -  

dl 
f o r  t h e  e igh t  occasions analysed. A l l  t he  l i n e s  s lope  downwards t o  

the  r i g h t ,  which implies t h a t  t h e  more rapidly  t h e  c l e a r  a i r  i s  assumed 
-, 

t o  subside, t h e  smaller becomes t h e  value  of ce/c required t o  balance 

t h e  v o r t i c i t y  equation (Eq. 14) i n  each case. There a r e  one o r  two 

cases which look u n r e a l i s t i c ,  notably t h a t  f o r  0000, 4.10.58 which 

looks too small,  but  on t h e  whole, t h e  r e s u l t s  lend s t rong support t o  

t h e  t h e o r e t i c a l  ana lys i s  suggested above and suggest t h a t  the  c l e a r  air 

between the  cumulonimbus clouds subsides a t  a rate of about 10 mb hr-'. 

It must be emphasised t h a t  t h i s  ana lys i s  is a purely kinematic one. 

The above conclusions may need t o  be modified when t h e  thermodynamics 

of t h e  cumulonimbus clouds and t h e i r  environment i s  considered. For in- - 1 
stance,  t h e  value  of 10 mb h r  quoted above a s  a l i k e l y  one f o r  oe i n  

the  middle troposphere would require  a heat  s i n k  capable of producing a 

r a t e  of cooling of the  a i r  of about 8 ' ~  per day which i s  about ten  times 

t h e  average r a d i a t i v e  value, and t h i s  could prove t o  be u n r e a l i s t i c .  It 



could be the case, however, that evaporative cooling effects make an 

important contribution towards maintaining the environmental heat bal- 

ance and would, if taken into account, support the value of oe sug- 

gested here. 

(d) Modification of the Large Scale Vorticity Field by Cumulonimbus 

If it is accepted that the vorticity field measured on a synoptic 

grid in the tropics may be regarded as representing a population of cu- 

mulonimbus circulations of the type shown in Fig. 13, it is possible 

to deduce some characteristics of this field. Suppose that, initially, - 
the vorticity is of a Constance value - c _atall levels i n  a given grid 

- .  - ----- ---- - -- 
area and suppose that cumulonimbus activity then commences, each cell 

contributing its portion of the net low level convergence and upper 
L. 

level divergence of mass. Eq. (14) applies initially with ce = F and 

= 0 and it is clear that drops at upper levels and increases at a P 
a similar rate at lower levels, by mass continuity. Thus 5 becomes 
positive. As long as re is reasonably approximated by , there is 
rather more horizontal inflow of vorticity than outflow, but this ap- 

parent net increase of total vorticity (in the volume defined by the 

grid and the depths of the troposphere) is offset by the w tern 
ap 

which, with we * 0 , soon acts to decrease the total vorticity. As 

the convection proceeds and ce becomes smaller (which seems a reason- 

able assumption), if it is assumed that the oe term dwinates,then 

there is a net reduction of total vorticity in the volume, a compensat- 

ing increase occurring externally. More formally, integration of Fig. 

14 through the depths of the atmosphere gives 9 = (nl - n2) /; ; dp/g , ,.. .. at 
which is negative with typical D and g profiles and nl - n2 > 0 . 

~corer(1965) has proposed that anvil spreading combined with smal- 

ler scale mixing tends to redistribute the momentum so as to reduce the 

absolute vorticity in the body of the fluid and concentrate it at the 

boundaries or in the middle of the stirred region. This proposition 

is based on the general principle that the stirring will make a rotating 



f l u i d  which is i n i t i a l l y  i n  a dynamically s t a b l e  s t a t e  tend t o  become 

more near ly  n e u t r a l  i .e. more l i k e  a p o t e n t i a l  vortex. Scorer s t rongly  

emphasises t h e  importance of mixing on a s c a l e  smaller  than t h a t  of t h e  

cumulonimbus t o  make t h i s  process e f f e c t i v e  s ince  he requ i res  t h e  'dis- 

glaced parce l s '  t o  mix with t h e i r  environment. The treatment suggested 

here,  which regards the  whole g r i d  a rea  as consis t ing  of cumulonimbus 
- ' c e l l s ' ,  each cell containing the  updraught and a l a r g e  a rea  of down- 

draught, seem t o  be capable of producing a hor izonta l  (and v e r t i c a l )  

r e d i s t r i b u t i o n  of v o r t i c i t y  without invoking smaller s c a l e  mixing. The 

e s s e n t i a l  f ea tu re  is t h e  dynamical s t r u c t u r e  of t h e  cumulonimbus i t s e l f ,  

and t h e  concept of an  'environment' with which it 'mixes' does not seem 
- -  

appropriate;  a l l  chat i s  required is  a concentrated updraught surrounded 

by a compensating downdraught d i s t r i b u t e d  over a much l a r g e r  area .  

(e) The Balance Equation 

The above i n t e r p r e t a t i o n  of t h e  synoptic s c a l e  wind f i e l d s  associ-  

a ted  with cumulonimbus populations implies modification, not  only of 

t h e  v o r t i c i t y  equation, but  a l s o  of the  balance equation r e l a t i n g  t h e  

pressure and wind f i e l d s .  If the  component of Eq. (11) normal t o  a 

contour i n  an i sobar ic  su r face  surrounding a s i n g l e  cumulonimbus c e l l  

of area  A is in tegra ted  round t h e  contour, t h e . r e s u l t i n g  equation, a f t e r  

dividing by A, i s  

where 

2 *2) where The term on the  l e f t  may be  in te rp re ted  a s  V (gho + T v, 

s u f f i x  o denotes a value representa t ive  of a cumulonimbus c e l l  a t  the  



cen t re  of the  g r i d  a rea  ( i . e .  not an average over t h e  whole g r i d  area)  
*2 -2 - 

and v = - v . I n  view of the  l a r g e  departures of v from 1 , a t  - 
l e a s t  a t  upper and lower l eve l s ,  one would expect v * ~  t o  be l a rge r  

than i2 , perhaps by a s  much a s  50%. 

Thus i t  is  necessary t o  pos tula te  ce , - . - - - - -  
w a n d  v * ~  i n  order 

-- e - 

t o  der ive  the  pressure f i e l d  corresponding t o  a given wind f i e l d  as- 

socia ted  with a cumulonimbus population. 

Conclusion 

The above purely kinematic ana lys i s  of t h e  observations was devel- 

oped as a consequence of abaadoning the temperature and height data ,  

and i t  probably approaches the  l i m i t  of refinement poss ib le  using con- 

vent ional  wind data  on t h e  present Caribbean s t a t i o n  network. It was 

only a f t e r  the  v o r t i c i t y  budgets (Figs. 8-12) had been obtained and 

t h e i r  implications s tudied t h a t  t h e  theory leading t o  Eq. (14) was de- 

veloped and the  f u r t h e r  computations leading t o  t h e  r e s u l t s  Fig. 14 

ca r r i ed  out .  

It i s  therefore  perhaps encouraging t o  f ind  t h a t  conventional 

wind observations i n  t h e  t rop ics ,  when analysed with s u f f i c i e n t  care, 

produce ' r e s u l t s  which are s u f f i c i e n t l y  coherent t o  suggest a dynamical 

s t r u c t u r e  f o r  t r o p i c a l  disturbances,  even through individual  bas ic  

elements of t h i s  s t r u c t u r e ,  t h e  cumulonimbus, a r e  not  resolved by t h e  

observation network. 
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Fig. 1. Observed 200 mb height deviations (in meters) from 
standard tropical atmosphere value of 12396 m, 
15.9.58, 0000. 

- IW 
metres per sec 

Fig. 2. Smoothing of wind components. 



Fig. 3.  Spline smoothing of horizontal divergences 21.9.59, 
0000. 15011, 75%. 0 computed divergences, spline 
smoothed values. 

wuve 
axis 

Fig. 4 .  Computed 500 mb ;field i n  mb hr-' 4.10.58, 0000. 



Fig. 5 .  Relative winds 4.10.58, 0000. 



Fig. 6. Absolute vorticity 
fields in units - 1 
sec x lom6 
4 .10 .58 ,  0000. 

Pig. 7. Schematic representation 
of terms in Eq. (9). 
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Fig. 8 .  Vorticity analysis. Case 1.  7-8 Aug. 1964. Non- 
devalopiw cold-core wave moving veshrard at  8 QS-'. 
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Fig. 9. Vorticity analysis. Case 2 .  15 Sept. 1958. Cold- 
core wave with abortive vortex moving westward at 
9 ms-1, 
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Pig. 10. Vorticity analysis. Case 3. 3-5 Oct. 1958. Wave 
moving westward at 6 m s - l  developing rapidly into 
a hurricane. 
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Fig. 11. Vorticity analysis. Case 4. 21-22 Sept. 1959. 
Wave moving westward at 9 ms-l developing into 
hurricane to NE of area analysed. 



VERTICAL 
- -- DISTRIBUTION 

30 

VERTICAL LARGE SCALE HORIZONTAL 
lNFLOW GENERATION RATE INFLOW 

SMALL SCALE 
GENERATlON RATE 

Fig. 12. Vorticity analysis. Case 5. 13-14 Sept. 1963. 
Non-developing warm core wave moving steadily 
w e s t w a r d  at 8 ms-1.  



Fig. 13. Schematic streamlines of flow i n  f u l l y  developed 
cumulonimbus (a) without v e r t i c a l  shear,  (b) with 
v e r t i c a l  shear. I n  both cases ne t  mass inflow is 
assumed a t  lower l e v e l s  and outflow a t  upper l eve l s .  

- 
Fig. 14. cQ/c computed a s  a function of -W,/W - from Eq.(14), - 

averaged f o r  the  c e n t r a l  g r id  of 9 points  and through 
t h e  depth of t h e  troposphere. Curves 1-4 r e f e r  t o  
Case 3 (1200 3.10.58, 0000 and 1200 4.10.58 and 1200 
5.10.58), 5 and 6 t o  Case 1 (0000 7.8.64 and 0000 
8.8.64) and 7 and 8 t o  Case 2 (0000 and 1200 15.9.58). 


